
JOURNAL OF MOLECULAR SPECTROSCOPY 88,167-174 (1981) 

Centrifugal Distortion Analysis of Pure Rotational Spectra 
of H2160, H2170, and H,180 

E. KYR~ 

Department of Physics, University of Oulu, SF-90570 Oulu 57, Finland 

Centrifugal distortion analyses based entirely on high-quality infrared data are carried 
out for the ground vibrational states of H21B0, HzL’O, and H,lBO. As a result of the analyses, 
the values of 27 rotation and distortion constants for each species are determined. By 
using these constants it was possible to improve considerably the accuracy of the literature 
values for rotational energy levels at high .I,, especially for H,“O and H,‘“O. The experi- 
mental values for the energy levels are deduced from the observed rotational transitions 
constituting the fitted data. 

INTRODUCTION 

Several papers dealing with the centrifugal distortion analysis of Hz0 have been 
published during the recent years. For example, De Lucia et al. (I, 2), De Lucia 
and Helminger (3,4), and Flaud et al. (5,6) have been working on the subject. 
The accuracy and the scope of the infrared data in these studies have varied. The 
situation has been better, in this respect, for H,160 than for H,1sO or especially 
for H,“O. On the other hand, H,O microwave data are scant and, accordingly, 
a need for accurate infrared spectra is obvious in the distortion analysis of H,O. 

The quality of the available infrared data, particularly the data for H,“O and 
Hzl*O, has been considerably improved by measuring the two spectra presented 
in Refs. (7) and (8). Actually, this paper is a consequence of the difficulties en- 
countered in assigning the latter spectrum, where an isotopically enriched sample 
was used. It turned out to be necessary to refine the existing predictions for Hz”0 
and H,180 frequencies at high J,, in order to successfully complete the assignment 
of the spectrum. To accomplish this, a least-squares analysis program was written. 
By means of this program the results of the present distortion analysis have been 
derived. The analysis is based entirely on the infrared data available in the two 
spectra mentioned above. 

PROGRAM AND EXPERIMENTAL DATA 

The program can fit 30 rotation and distortion constants to 400 data points. The 
maximum J value that can be used is 15. A double-precision accuracy (three 
16-bit computer words or 12 figures) was adopted for every noninteger variable. 
By properly programming the necessary routines, the memory space occupied by 
the program could be reduced to 19 kwords, which is an essential fact because 
the program was written for the minicomputer (Hewlett-Packard 21MXE) 
connected on line to our Fourier spectrometer (9). The correctness of the pro- 
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gram code was tested by fitting “spectra” produced computationally by different 
values of the rotational constants included in the program. These computations 
also confirmed that our minicomputer is able to handle with sufficient accuracy 
the large and correlated models used in the model testing. 

The HZ”0 and H,lBO data were prepared from the spectrum of isotopically 
enriched water (8). For H2160, both this spectrum and the spectrum of natural 
water (7) were utilized and a mean of the two frequencies was taken if the H,160 
line was unblended in both spectra. The numbers of lines in the three sets of 
data were 368, 282, and 282, respectively, for H1160, HZ1’O, and H,‘“O. Since all 
the blended and very weak lines were excluded, there was no need to assign dif- 
ferent weights to the observations. Figure 1 illustrates the fitted data. As can be 
seen, the lines selected for the fit provide information on a wide range of rota- 
tional energy levels. Most levels are involved in several transitions of different 
types. The number of H,160 lines is larger, but the essential coverage of J, values 
is the same in the three sets of data. To reach this obviously very advantageous 
situation, the doublets with K, = 11 (those with the line numbers 900, 909, and 
932 in Ref. (8)) were removed from the H,“jO and H,lBO data, since the cor- 
responding HZ”0 lines were not resolved. Hence the maximum value of K,, is 10 
for each species. 

MODEL TESTING 

The data to be fitted contained several transitions at high J and K,. Accordingly, 
the number of the terms in the Watson Hamiltonian which are expected to yield 
a significant contribution becomes large. In addition to 24 terms of the degrees 
2,4,6 and 8, the applicability of the following terms was tested (J’&, = J: - Jt): 

PK.,J4JZG, PmJ’J,s, PKJ:‘, PXKJJ~(J:J;, + J:,Jz”, 

p,(JBJ:, + J:,J,H) 

and 

GKxJJ2J:0, GKJ:‘, g,(J:“J:, + J:,J:O) 

and 

F,Ji4. 

The first runs were performed with a model including the following 21 constants: 

PK, PK, LKI LKIL!, Lx.I, and IK added to 15 constants of the degrees 2,4 and 6. This 
model yields the following standard deviations’ of observations: 8(H2160) = 2.4, 
6(H,“O) = 2.6, and 6(H2’*0) = 2.5 x 10e3 cm-‘. An introduction of the term 
G,Pj’ decreases the standard deviation by 20-30%, e.g., 6(H2160) = 1.9 x 10e3 

’ The standard deviation 6 was defined as 

where n is the number of lines and p is the number of parameters. 
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FIG. 1. The structure of the fitted data. The dots represent rotational levels and the lines connecting 
the dots represent transitions. J and K, are quantum numbers. Even and odd refer to the parity of 
K, + K,. The plots have been drawn from H,160 data and H,“O data. The structure of H,180 data is 
very similar to that of H,“O data. 

cm-‘. This is not a poor value, but the following indications of the deficiency of 
this model suggested the need to introduce additional terms: for several transitions 
even at low J the differences 7,&s - ycalc were comparatively large and to the same 
direction for all the isotopic species: the ability of this model to reproduce the 
observed microwave spectra (l-.3) was not in agreement with the accuracy of 
the fitted data, which indicates a significant perturbation among low-order 
constants. 
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Even when the effect of a single term proved to be small, the fitting did improve 
gradually with inclusion of additional terms. Finally, after extensive computation, 
the following Hamiltonian consisting of 27 rotation and distortion terms was 
chosen: (J:, = .J: - J”,) 

H = ; (B i- C)J2 + 
[ 
A - ; (B + C) J: + ; (B - C)J$, 1 - A,J4 - AJKJ2Jf 

- AKJ; - 26,J2Jz 33 - &(J;J;, + J:,J:> + H.,J6 + HJKJ4J; + H,,JzJ!JI 

+ HKJ,6 + 2h,J4J&, + h.,KJ2(J:J:, + J&J:) + h,(J;Jf, + J&J:, 

+ LJJB + LJKJ4J: + LKKJJ2J,6 + LKJ: + 21,J6J:, + l,,J4(J:Jf,u + J&J:) 

+ lK5J2(J;J&, + J&J:) + l,(J,6J:, + J:,Jz”) + PxK.,J2J,x + P,J:O 

+ p,(J,8J&, + J&J:) + G,J:‘. 

With this model the following standard deviations are obtained: G(HzlfiO) = 1.3, 
F(H,“O) = 1.6, and S(H2180) = 1.4 X 10m3 cm-‘. 

There are high correlations among many of the distortion constants which 
hardly can be avoided when fitting water spectra. The inclusion of the less significant 
terms ( LJ, fJ, lJK, IxJ) increases the uncertainties of the values of the closely related 
constants of degree 6 by a factor of 2-4. On the other hand, with inclusion of 
these constants the overall appearance of the fit became closer to that obtained with 
smaller models by using slightly restricted J, range of data. For instance, removing 
10% of the lines and using the model with the 21 constants mentioned above lead 
to 6 = 1.1 x low3 cm-’ for H2160. 

RESULTS 

The final values for the rotation and distortion constants are shown in Table I. 
The rotational energy levels derived from these constants are listed in Table II. 
The agreement between observed (I -3) and calculated microwave transitions can 
be seen from Table III. 

It was also possible to deduce the rotational energy levels from the experimental 
frequencies. As can be seen from Fig. 1, the calculation of the H2160 levels with 
even K, + K, can be initiated from the rotational ground state. The other half of 
the H2160 levels was calculated by fixing the value of the level lo,1 to that obtained 
in the fit. For H,“O as well as for H2180, it was necessary to fix the values of both the 
level lo,1 and the level l,,,. The propagation of the calculation was toward higher 
energies. Before proceeding forward from any level, a mean of the energy values 
resulting from all the possible routes leading to that level, was calculated. An 
exception to this scheme of calculation was caused by the levels which could not 
be reached without going downward on the energy scale. Those levels were 
preferably obtained by making a step toward smaller K, within the same J value. 
After picking up the desired level the calculation was continued normally. 

The method outlined above is still very sensitive to inaccurate data points, 
especially if these are located at the bases of the “trees” in Fig. 1. Therefore, it is 
unfortunate that in H2160 spectrum of Ref. (7) there seem to be several systematic 
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TABLE I 

Ground-State Rotational Constants of H,lBO, H,“O, and H,‘sO (cm-‘). 
The Quoted Error Limits are 95% Confidence Intervals 

A 

B 

C 

bJ 

'JK 

AK 

&J 

6K 

"J 

H 
JK 

"KJ 

HK 

hJ 

h 
JK 

hK 

LJ 

L 
JK 

LKKJ 

LK 

IJ 

'JK 

'KJ 

IK 

P 
KKJ 

pK 

'K 

GK 

“2 ‘60 

27.8805998 f 0.00029 

14.5216038 2 0.00014 

9.2777032 f 0.00014 

(0.1251801 f o.ooo~~).~o-~ 

(-0.5760005 f 0.0005E).10-2 

to.3244598 t 0.00020).10-' 

(0.5073549 t 0.00075).10‘3 

(0.134563 f O.OOO~O).~~-~ 

(0.523416 f 0.013).10-6 

(-0.14047 t o.oa35).10-5 

(-0.171664 f 0.0020).10-4 

(0.1243105 ? O.OOo89).'o-' 

(0.263485 f 0.0067)e'O-6 

(-0.4283 f 0.072).10 
-6 

(0.31954 t 0.0020)*10 
-4 

(-0.24777 f 0.039).10-9 

(-0.64727 t 0.021)*10 -7 

(0.243074 f 0.00S5)*'O-6 

(-0.732472 t 0.0'8)~'0-6 

(-0.12650 t 0.019)~10 -9 

(-0.8875 f 0.24)*10 -9 

(-0.70?6 f 0.082).10 
-8 

(-0.29252 f 0.0052)~10 
-6 

(-0.6855 f 0.2O)'lO 
-10 

(0.245756 f 0.017)*10-8 

CO.5263 f 0.022).10 -9 

(-0.52415 f 0.062).10-" 

n2 
'70 H 180 

2 

27.6951400 t 0.00042 

14.5216847 + 0.00021 

9.2566257 f 0.00021 

(0.1250600 k 0.00025).10-2 

(-0.5727237 f o.ooo~o).I~-~ 

(0.3202494 1 0.00029).10-' 

(0.5083407 f 0.0011).10-3 

(0.130837 f 0.00094).10-2 

(0.52508 f 0.020).10 
-6 

(-0.14600 f 0.0050).10-5 

(-0.167333 + 0.0028).'O-4 

(0.1216752 i 0.0013)*10-3 

(0.271433 f 0.010).10-6 

(-0.4304 f 0.12).10 
-6 

(0.3095' f 0.0034).'0-4 

(-0.26231 f 0.058).10-' 

(-0.60449 ? 0.039)*10 -7 

(a.229103 f 0.0098).,o-6 

(-0.709430 t 0.026).10-6 

(-0.14797 k 0.030).10-9 

t-0.9333 f 0.20).10 -9 

(-0.6808 f 0.13).10 
-8 

(-0.27497 t 0.0092)~10 
-6 

(-0.614' f 0.28).10 
-10 

(0.241043 ? O.O24).'O-8 

(0.4855 f 0.029).10 -9 

(-0.52399 k o.o88).lo-" 

27.5312371 t 0.00034 

14.52'8299 i 0.00017 

9.2380164 f 0.00017 

(0.1251511 t 0.00020).10-2 

(-0.5701224 f 0.00063).10-2 

(0.3166570 f 0.00024).10-' 

(0.5080030 f 0.00090).10-3 

to.127769 f 0.00o75).1o-~ 

(0.53448 f 0.017).10 
-6 

C-O.14999 t 0.0040).10-5 

(-0.166386 f 0.0022J.10-4 

(0.1200590 f 0.0010).10-3 

(0.266545 f 0.oo8').'0-~ 

(-0.4142 f 0.096)*10 
-6 

(0.30020 ? 0.9024).10 
-4 

(-0.27658 f 0.048).10-' 

(-0.55049 f 0.030).10 -7 

(0.216647 f 0.0073).10-6 

(-0.697606 t o.o22).10-6 

t-0.13462 k 0.023)~10~~ 

C-O.9297 f 0.13).10-9 

(-0.5944 f 0.11).10-8 

(-0.25983 f o.nn64)~lo 
-6 

(-0.77'5 f 0.22).1o-'o 

(0.243778 t o.020).10-8 

(0.4794 t 0.017~.10 -9 

(-0.53464 f 0.0731.10-'1 

measurement errors in low-J lines within the lowest wavenumber region 30-60 
cm-‘. The accumulation of these errors (typically +0.002 cm-‘) made the whole 
chain of experimental H,160 levels too high when compared to the set of the levels 
derived from the fit. The situation was corrected by replacing our measured line 
positions for H,160 lines with line numbers 1- 18 in Ref. (7) by the values obtained 
from the energy levels given in Ref. (5). Because the results of a least-squares 
fit are rather insensitive to a few less accurate data points it can be expected that 
calculated energy levels quoted in columns H2160, H2170, and Hz’*0 of Table II 
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TABLE II 

Ground-State Rotational Levels of H2’“0, H,170, and Hz”0 (cm-‘) 

Note. The levels resulting from the fit are listed in the columns H,“O, H2”0, and H,‘“O. The levels 
deduced from the experimental wavenumbers are listed in the columns OBS. DIFF refers to the differ- 
ence between the two sets of levels in 10m4 cm. 

are more reliable than experimental levels listed in columns OBS. It is also seen 
from Table II that the standard deviations obtained for energy levels are somewhat 
larger than the standard deviations obtained for the fitted transitions. Columns 
DIFF of Table II yield: 8(H2*‘j0) = 1.6, i3(H2170) = 2.1, and 6(H,180) = 2.1 
x 10e3 cm-‘. 

DISCUSSION 

It was found out during this work that the ability of the different sets of Hz0 
constants found in the literature to predict transitions outside the J, range of the 
original analysis is very limited. Especially if the range of K, is extended, the pre- 
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TABLE III 

Observed and Calculated Microwave Transitions of H,‘@O, HZ1’O, and HzL80 (MHz) 

Transition 
H2 

I60 
Hz 

'70 
H2 

I80 

observed ohs-talc observed obs-talc observed obs-talc 

173 

dictions soon become very poor. This remark is obviously valid for any set of 
rotation and distortion constants of H,O because of the slow convergence of 
Watson Hamiltonian. To illustrate this, let us recall that the value obtained for 
GK (term in Pi’) is about -5 x lo-l2 cm-‘. Therefore, even the smallest con- 
tribution of P:” terms is approximately -5 x lo-‘* cm-l x lo’* = -5 cm-’ for 
the level 1010,0, and -16 cm-l and -45 cm-‘, respectively, for the levels 11,,,0 
and 12,,,0. It is not surprising that the errors in the excluded doublets with K, = 11 
proved to be 0.05-0.15 cm-’ when calculated by the constants of Table I. 

It is, however, interesting to compare the abilities of the literature constants to 
reproduce our spectra. The comparison is better justified if the .I, range of our 
observations is restricted according to the analysis in question. Thus, omitting 
lines with J > 8 leads to 6(H2160) = 3.6, 8(H2170) = 6.7, and 6(H2180) = 3.0 
x 10e3 cm-’ when the present data are predicted by the constants found in 

Ref. (4). In this case the agreement proved to be very good, typically 0.001 cm-‘, 
at low J, but became considerably poorer toward higher K,. A better overall 
agreement (6 = 2.0 X 10m3 cm-l) was obtained with the H2160 analysis found in 

+6 - '23 

313 - 220 

I029 - '36 

515 - 422 

4 
14 - 321 

38o197.m -4.485 

753 - 66~ 

%3 - 550 

'52 - 66~ 

423 - 330 

642 - 55~ 

533 - 440 

6 - 24 717 

'10 - '01 

532 - 441 

2 - 11 202 

22235.080 -14.136 

183310.117 +9.85, 

321225.644 +2.411 

325152.919 -14.153 

437346.667 -71.762 

439'50.8'2 -29.9'8 

4430'8.2g5 -72.33, 

448001.075 +25.,33 

47o008.947 -29.785 

474689.127 +,7.260 

488491.133 +5.485 

556936.002 -0.442 

620700.807 +2,.078 

752033.227 +3.618 

13536.02 -1.12 

(9/2+7/z) 

'94002.998 +23.539 

(5/2+3/Z) 

323825.089 +4.592 
(lower) 

385784.860 +12.808 
(lower) 

469808.134 +34.300 
(lower) 

552020.960 -0.082 

148458.254 +0.631 

5625.147 -3.749 

203407.52 +9.89 

322465.17 -4.84 

390607.76 +0.43 

520'37.32 -6.51 

489054.26 +23.,4 

554859.87 -6.41 

537337.57 +2,.52 

5,7,8,.96 -0.89 

547676.44 +0.20 

692079.,4 +25.00 

745320.20 +2.91 
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Ref. (5), where the J, range covers 90% of our transitions. When the 21 constants 
were refined according to the present data, 6 was reduced to 1.1 x 10m3 cm-’ 
and the predictions for the excluded 10% of the transitions became much more 
accurate. 

Considering the facts that microwave data have not been included in the analysis 
and that the expected measurement error of the fitted infrared data is about 30 MHz, 
the standard deviation 6 = 24 MHz obtained in recalculating the 34 microwave 
transition frequencies shown in Table III is reasonable. This together with good 
fitting of high J, infrared transitions guarantee that the values of the constants given 
in Table I are essentially correct and that the energy levels derived from them 
can be safely used in practical spectroscopy. 
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