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The Interacting States (020), (loo), and (001) of H,170 and H,180 
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Birtiment 221. Campus d’orsay, Orsay Cedex 91405. France 

AND 

R. A. TOTH 

NASA Headquarters, Washington, D. C. 20546 

A fit of about 350 rotational levels of the (020), (loo), and (001) vibrational states has been 
performed for HZ]‘0 as well as for H,lsO leading to the determination of 51 rotational and 
coupling constants for each isotopic species. The Fermi-type interaction and the two 
Coriolis-type interactions have been taken into account by appropriate rotation-vibration 
operators and the u-diagonal part of the Hamiltonian is, for each vibrational state, a Watson- 
type Hamiltonian. The results are very satisfactory since 87% of the experimental levels 
are reproduced within 15 x 10m3 cm-‘. 

INTRODUCTION 

This paper is a continuation of our effort to understand precisely the vibration- 
rotation energy levels of water (1-3). In particular we report here a study of the 
triad of interacting states {(020), (loo), (001)) of the isotopic species H,170 and 
H,‘*O. This work has two motivations. First, since the resonances affecting the 
vibrorotational levels are strongly isotopically dependent it is necessary to study 
the 170 and ‘*O species for their own and this may eventually lead to an improve- 
ment of the potential function. Second, since in high-resolution atmospheric 
spectra many lines of these two isotopic species contribute to the absorption, a 
good knowledge of energy levels and wavefunctions is necessary to calculate 
reliable line positions and intensities. 

THEORETICAL CONSIDERATIONS 

According to the approximate relation 2w, = o1 = w3, the vibrational states of 
water group into polyads of interacting states corresponding to a given value of 
20, + up + 2v3; between these states the interactions to be considered are: 

-the Fermi-type interaction ( v1v2v3 1 H 1 v1 - 1 u2 + 2 v3), 
-the Coriolis-type interactions ( v,v2v3 ) H 1 v1 - 1 v2 us + 1) 
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TABLE I 

Constants for the Triad of Interacting States (020), (100) and (001) of HJ70 

(020) (100) (001) 

E” 
A” 

B” 

c” 

AV K 

A” JK 

A” J 

ev K 

av 
J 

H” x 
H” 

KJ 

H” J 
hv 

Y 

h” 
JK 

h” 
J 

L” 
K 

6” K 

P” K 

3148.5844 l 0.74 

35.340Yq l 0.0033 

14.83944 l 0.0012 

8.960254 * 0.00083 

0.11062, l 0.000,1 

(-o.105m7 * 0.00021) x 10-l 

(o.1568 * 0.016 ) x 10-2 

(0.789, * 0.016 ) x 10-2 

(0.6666 l 0.012 ) x 163 

(0.11116 l 0.0025 ) x lo-* 

(-0.654y * 0.046 ) x 10-4 
(0.753 l 0.16 ) x 10-G 
(0.1767 * O.O,B ) x 163 

(o.3273 * 0.099 ) x 10-6 

(-0.931, l 0.035 ) x10-5 

(-o.1337 l 0.026 ) x 10-5 
0.3077 x 10-7a 

3649.53yy l 0.74 

26.9349, i 0.0016 

14.305157 * 0.00082 

9.080415 + 0.00063 

(0.290My l 0.00073) x 10-l 

(-0.53310 * 0.0039 ) x 10-2 
(0.12419 * 0.0011 ) x 10-2 
(0.12564 + 0.0027 ) x 1oA2 

(0.5W5 * 0.0071 ) x 10-3 
(0.7385 * 0.014 ) x 10-4 
(-0.14022 l 0.0093 ) x 10-4 
(0.4786 l 0.072 1 x 10-e 
(0.2222 l 0.014 ) x 104 

(0.241* * 0.046 ) x 10-6 

3748.3193 * 0.0034 

26.481Yo l 0.0012 

14.42872* * 0.00049 

9.118570 zt 0.00026 

(0.28436 l 0.001, ) x 16’ 
(-o.56079 * 0.0024 1 x 10-2 

(0.1290Y2 h O.OOo49) x 10-2 

(0.119Y5 * 0.0027 ) x 162 

(o.528g5 * 0.0029 ) x 10-3 

(0.8907 l 0.030 ) x 10-4 
(-0.1511, l 0.0054 ) x 10-4 
(O.5225 l 0.027 1 x 10-6 
(0.21260 L 0.0060 ) x 1O-4 

(0.3Y2 l 0.19 ) x 10-G 
(0.2673 l 0.014 ) x 10-6 

(-0.20g4 l 0.025 1 x 10-C 

h 32 = 42.660 * 4.2 

hi, =-0.,605 l 0.047 

h43 
=-0.309690 f 0.00070 

h 4* = (-0.696, * 0.040) x 10-l 

Note. All the results are given in cm-‘. The quoted errors are 2 standard deviations. 
a Fixed to the HzL60 value taken from Ref. (I). 

and (v~v~u~IHIu~ u2 - 2 r3 + l), 

-the Darling-Dennisson-type interaction (u~zI~u~) H Iv1 - 2 v2 u3 + 2). 

In the triad {(020), (loo), (001)) considered here, this last interaction does 
not occur. 

The same Hamiltonian matrix as for H2160 (I ) has been used to calculate the 
energy levels. We recall that the u-diagonal part’ of this matrix is for each vibra- 
tional state a Watson-type Hamiltonian H,, and that the interaction terms retained 
in the case of this triad are: 

H32 = h,, + h&l:, 

H43 = MJsJz + JJ,), 

H42 = MJ,J, + JJ,). 

This Hamiltonian matrix has been diagonalized in a symmetry adapted basis (I ) 
providing us with the wavefunction of a level (u~u~u~)(JK~K~) 

’ The shortened notation Iv) stands for (u,u~u~)~, which is the eigenfunction of the zero-order 
vibrational Hamiltonian with the correspondence v = 0 for (000), 1 for (OIO), 2 for (020), 3 for (loo), 
4 for (001) and so on. 
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TABLE II 

Constants for the Triad of Interacting States (020), (100) and (001) of Hz’*0 

1020) 1100) tool) 

E” 
A” 

B” 

c” 

A" K 

4vK 
AV 

J 

8y K 

bv 
J 

H” 
K 

%;I 
Hi 

h; 
h" KJ 
h! 

3142.4335 * 0.49 

35.11970 * 0.0031 

14.83472 l 0.0017 

8.943096 * O.OOc88 

0.10925, l 0.00043 

(-0.10494 * 0.0011 ) x 10-l 

(0.1542* * 0.0014 1 x 10-2 

CO.7796 * 0.018 1 x 10-2 

(o.6547 * 0.010 ) x 163 

(0.11017 l 0.0020 ) x 10-2 

(-0.6503 l 0.045 ) x 10-4 

(0.723 * 0.12 1 x 10-6 

(o.175g * 0.02, 1 x 10-3 

(0.3213 l o.cao 1x10-6 

(-0.9347 l 0.028 ) x 10-5 

(-0.1112 l 0.037 ) x 10-5 

0.3077 x 10-7 a 

3646.306, 

26.76906 

14.30747, 

9.061 04g 

(0.287859 

c-O.53146 

(0.12394* 

(0.1234, 

(0.51149 

CO.7286 

f-o.14126 

(0.465? 

(0.22Z4 

* 0.49 

* 0.0316 

* 0.00074 

* 0.00363 

* 0.00065) x 16’ 

l 0.0038 ) x 10-2 

* 0.00092) x 10-2 

l 0.0023 ) x 10-2 

* 0.0070 I x 10-3 

l 0.013 1 x 10-4 

* 0.0099 1 x 10-4 

10.054 1x10-6 

l o.o,* )x10-4 

(0.286, l 0.043 ) x 10-6 

3741 .5673 l 0.0039 

26.33324 + 0.0014 

14.42773, l 0.00051 

9.10058* * 0.00028 

(0.28143 l 0.0013 ) x 10-l 

t-o.557g1 l 0.0025 ) x 10-2 

(0.129145 l 0.00051) x 10-2 

(o.11m4 l 0.0028 ) x 10-2 

(0.5301, l 0.0030 ) x 10-3 

(0.%35, l 0.038 ) x 10-4 

(-o.150158 l 0.0057 1 x 10-4 

(0.52952 dO.028 ) x 10-6 

(o.20635 + 0.0062 ) x lO+ 

(0.492 l 0.19 ) x 10-6 

(0.2708 l 0.015 1 x Id 

(-0.215, * 0.032 1 x 1c6 

COu?LING CONST*NTS 

h 32 = 41.420 l 3.0 

hi, = -0.1375 l 0.033 

hq3 = - 0.298692 l O.OOO~, 

h 42 = (-0.7135 + 0.046 ) x 10-l 

Note. All the results are given in cm- ‘. The quoted errors are 2 standard deviations. 
a Fixed to the H,160 value taken from Ref. (I ). 

where the 1 JKy) are the usual Wang functions. 

RESULTS 

Using the experimental data of Ref. (4) for the three vibrational states (020), 
(loo), and (OOl), we performed for each isotopic species a nonlinear least-squares 
fit which provided us with the rotational and coupling constants quoted in 
Table I for H,“O and in Table II for H2180. The agreement between the calculation 
and the experiment is quite satisfactory since a statistical analysis of the differences 
6 = 1 Eobs - Ecalc I (in cm-‘) between the calculated and the observed energy 
levels gives: 

H2170 (346 levels) H2180 (352 levels) 

0 x IO-3 < 6 s 15 x 10-3 87% 87% (of the levels) 

15 x IO-3 < 6 C 40 x 10-3 10% 11% 

40 x 10-3 < 6 S 75 x 10-3 3% 2% 



236 CAMY-PEYRET, FLAUD, AND TOTH 

TABLE III 

Calculated Rotational Energy Levels for the Vibrational States (020), (loo), and (001) of H,“O 

TK K i090i %(2) %(3) %(4) (100) %(2) %(3) %(4) (001) %(2) %(3) %(4) 
- 

3653.147 0.7 99.3 0.0 

: : 

: 

: 

: 
5 

1 
5 0 

6 0 6 

: 

t 

: : 

: : 

“6 : 2 
6 6 
6 

f 
6 0 

: 

: 

P : 

z t 

: : 

: 

: 

! : 

: 

: 

: : 

5 : 

b 

8 3 6 

Note. %(v) is the mixing coefficient of a given level (u,u.&[JK~K~] on the vibrational state Iv) 
with u = 2 for (020), 3 for (100). and 4 for (001). 
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TABLE IV 

Calculated Rotational Energy Levels for the Vibrational States (020), (lOO), and (001) of H,180 

J Ka Kc (020) X(2) %(3) %(4) (100) %(2) E(3) %(4) (001) X(2) %(3) %(4) 

0 0 0 

8:: 

8: 

8: 

8 t b 

?:3 

:: I 

: 8 
7 7 

3139.051 99.3 0.7 

3162.820 3 
318 epoos .BSB 

99.3 99.3 8:: 
99.3 0.7 

8: f 
8;; 
8 0:: 

0.0 

8: 
0. f 

8:8 

Hi% 

$f 
si 8 
8:: 
89 

364 9.680 0.1 99.3 0.0 7 0.0 0.0 100.0 

f %iI ii% /it:% 

Note. %(u) is the mixing coefficient of a given level (u,u2uQ)[JKoKc] on the vibrational state lo) 
with u = 2 for (020), 3 for (loo),, and 4 for (001). 
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TABLE IV-Continued 

0.0 
0.0 

!Y : 
$1 

/;I 
0.0 

0.0 
0.1 f;o 
0. 8 

8:8 

8:8 

8:X 

t9:::::t 8:: zt:: 8:: 



240 CAMY-PEYRET, FLAUD, AND TOTH 

TABLE V 

Example of the Evolution of Mixing Coefficients in an Isotopic Substitution 

(v,v2v3)CJ KaKcl 
*ca1c 

H2160 4579.002 

(020) C7611 H2170 4563.754 

H2'*0 4551.455 

H2160 4572.425 

(100) r7431 H2170 4565.634 

Hz'*0 4558.875 

H2160 4553.280 

(001) c7351 H2170 4544.287 

H2'*0 4536.224 

%(020) 

95.6 

67.1 

96.3 

3.2 80.1 16.7 

31.9 59.7 8.4 

2.8 87.4 9.7 

0.2 16.6 83.1 

0.1 12.7 87.2 

0.1 9.9 90.0 

X(100) 

4.2 

28.4 

3.4 

%( 001 ) 

0.3 

4.5 

0.3 

Using the constants of Table I and Table II, we computed the energy levels 
which are given in Table III for Hz”0 and in Table IV for Hz’*0 together with 
their mixing coefficients defined by 

’ 2 for (020), 

%(u) = 1 Ic$ with v = . 3 for (loo), 
K 

_ 4 for (001). 

These mixing coefficients are very important since they allow the easy detection 
of perturbed levels. These tables contain more calculated levels than observed ones 
because we hope that an extrapolation to higherJ or K, values than what is experi- 
mentally available can be reasonably performed and this should facilitate the 
assignment of new spectra recorded with larger P x 1 product. 

It is interesting to compare the evolution of the mixing coefficients of perturbed 
levels as one goes from H,160 to H,“O and to H2180. Indeed, the magnitude of 
resonance is very sensitive to isotopic substitution. As an example, we have 
gathered in Table V the mixing coefficients of the three resonating levels (020) 
[761], (100) [743], (001) [735]. 

DISCUSSION 

The constants obtained in this work for H,“O and Hz’*0 compare very well 
together as well as with those of H2160 (1). As the oxygen isotopic substitution 
does not change the equilibrium B value, one can expect, as has been observed, 
that the B” values of the three different isotopic species are not changing very 
much. A relation between the constant hd3 involved in the Coriolis resonance 
between (100) and (001) and the coefficient k 133 appearing in the expansion of the 
potential function with respect to normal coordinates is given in Ref. (5). If one 
assumes that this relation, valid up to the second order of approximation, is 
applicable for water, then one obtains 
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k,,, = -869 cm-’ for Hp”jO, 

k 133 = -855 cm-’ for H,170, 

k 133 = -839 cm-’ for H,‘*O. 

The k,,, value of Hz’*0 confirms the value of this constant obtained from the study 
of the interacting states (110) and (011) (3). 

Finally the wavefunctions obtained in this work will be used in the near future 
to compute the line intensities for the 213, v1 and v3 bands of Hz”0 and Hzt80. 

RECEIVED: June 20, 1980 
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