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Several complementary analyses have been performed in an investigation of the use of
reference geometric structures which are not stationary at a given level of theory in the
prediction of improved equilibrium anharmonic molecular force fields. Diatomic

paradigms for the procedure were established by constructing empirical potential energy
functions for the nitrogen and fluorine molecules which not only reproduce the available
Rydberg—Klein—-Rees data but also provide reliable derivatives through fourth order for
ranges of 0.4 A or greater around the equilibrium bond distance. For comparison, analogous
curves were determined at the double-£ plus polarization (DZP) restricted Hartree-Fock
(RHF) level of theory, and the quartic force fields for N, and F, were also obtained at the
experimental r, structures using a (8s5p3d2f1g) basis set and the coupled-cluster singles and
doubles method augmented by a perturbative contribution from connected triple excitations
[CCSD(T)]. The results substantiate the ability of RHF theory to predict correlation-quality,
higher-order force constants if an accurate reference geometry from experiment or a higher
level of theory is employed. The theoretical foundations of this technique as applied to poly-
atomic molecular systems have been systematically explored. Mechanisms were analyzed
which address the nonzero force dilemma by using various choices of internal coordinates to
shift the equilibrium point of theoretical potential energy surfaces. Examples are presented in

which the variations in predicted spectroscopic constarits arising from different shift coordi-
nate sets are non-negligible. A Cartesian projection scheme for higher-order force fields was
developed and implemented to-avert internal-coordinate dependences; formulas for higher-
order projection matrices and higher-order derivatives of the external variables of a molecular
system were concurrently derived. A formalism for the transformation of force fields between
internal and Cartesian representations was also constructed which is applicable to arbitrary
order. In addition to N, and F,, case studies were performed on the F,0 and N,O molecules,
for which electron correlation effects are of unusual importance. Quartic force fields are re-
ported for F,0 and N,O at the DZP and TZ(2d1f) CCSD(T) levels of theory, respectively,
which provide the best data sets currently available and facilitate the assessment of experi-
mental force constants. The CCSD(T) results are reproduced remarkably well by RHF pre-
dictions at the experimental equilibrium structures of these molecules but not at the corre-
sponding RHF optimum geometries. Finally, practical recommendations are made for
predictions of higher-order force constants at nonstationary points. -

1. DIATOMIC PARADIGMS

The theoretical determination of harmonic and anhar-
monic molecular force fields by ab initio methods has be-
come one of the most common and successful applications
of computational quantum chemistry.'~!” There are several
factors which influence the quality of these theoretical pre-
dictions,”**"1 the choice of the reference geometry being
one of the most vexing but poorly appreciated consider-
ations. Since the inception of computational quantum
chemistry, a controversy has persisted as to whether force
constants should be evaluated at optimized theoretical ge-
ometries or at experimental equilibrium structures. In fact,
in the opinion of Pulay et al.,10 “the choice of reference
geometry is the most difficult problem confronting the sys-
tematic ab initio calculation of force constants.” Ostensibly
the evaluation of force constants in a theoretical vibra-
tional analysis at a point other than the optimized theoret-
ical structure is unphysical in that nonzero forces are gen-
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erally present on all the atoms and the system is not at
equilibrium. Nevertheless, as discussed below, the selection
of nonstationary reference geometries has considerable
merit provided that appropriate procedures are imple-
mented to circumvent the nonzero force dilemma. In this
preview (Sec. I) a novel analysis of this topic is presented
for the diatomic molecules N, and F, in order to highlight
pertinent issues and to establish paradigms for the investi-
gation of polyatomic systems.

In 1966 Schwendeman!® was one of the first to observe
that ab initio force constants for diatomic molecules tend
to lie significantly closer to their experimental counterparts
if they are evaluated at experimental equilibrium bond dis-
tances. Consequently, it was argued that theoretical pre-
dictions of force constants should be carried out whenever
feasible at experimental r, structures, which are generally
known for the low-lying electronic states of common di-
atomic molecules. It is possible to elaborate on this argu-
ment extensively using the voluminous theoretical and ex-
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perimental data now available for the N, and F, molecules.
The strategy employed here for this purpose is to find an
analytic representation of experimental, Rydberg-Klein—
Rees'® (RKR) and theoretical [double-£ plus polarization
(DZP) restricted Hartree~-Fock (RHF)]20 potential
curves via a fit to a number of energy points, and subse-
quently to determine force constants analytically through
fourth order as a function of bond distance. Thus, at any
particular bond length within a given range, DZP RHF
predictions for the potential energy derivatives of various
orders can be compared to “exact” experimental values.
The N, and F, examples are chosen not only because pre-
cise empirical data are available but also because they ex-
hibit very different levels of agreement between theoretical
and experimental equilibrium structures. Specifically, for
the nitrogen molecule the DZP RHF equilibrium distance
is 0.015 A too short, which is an acceptable disparity,
whereas for F, this difference is 0.077 f\, which is anoma-
lously large for this standard level of theory.

In the empirical RKR potentials of the ground elec-
tronic states of the nitrogen®' and fluorine®® molecules, the
classical turning points for each quantized vibrational level
are given up to v=22 and v=23 for N, and F,, respec-
tively.  These data points span the ranges
r(N,)e(0.887,1.559) A and r(F,)e(1.165,2.786) A, the
most notable separations therein appearing as 0.091 and
0.125 A gaps about the respective r, values of 1.0977 and
1.4119 A% The task of constructing potential functions
not only to fit the RKR data points but also to provide
reliable derivatives through fourth order is replete with
pitfalls. Spline function techniques are clearly incapable of
generating curves with smooth higher derivatives. Alterna-
tively, numerous analytic forms for diatomic potentials
have been developed for global fits to experimental data,
and enlightening comparative studies exist for several of
them.?*? However, extensive preliminary testing here of
Morse and Varshni functions and modifications thereof re-
vealed that commonly used reference potentials containing
three to five parameters are not sufficiently flexible to yield
higher-order derivatives whose accuracy is maintained
over extended bond-length intervals. Attempts were made
to ameliorate this problem by augmenting these reference
potentials with unconstrained polynomial expansions in
the variable £=exp(p)—1, where p is the Simons—Parr—
Finlan coordinate (r—r,)/r.2® Such polynomial fitting pro-
cedures only gave rise to erratic higher-order force con-
stants as a consequence of the uncertainty in the RKR
points.

The optimal procedure which was formulated for ex-
tracting potential energy derivatives from the RKR data
involved the transformation relation (in atomic units):

, g g
V(N=E()+==A+Btan ' [Z(N]+>, (1)

where E,(r) denotes the molecular electronic energy, & is
the atomic number of the nuclear centers, and Z(r) is a
dimensionless, monotonic function satisfying the boundary
conditions lim, , Z(r)=+« and lim, (Z(r)=— .
For both N, and F, the constants 4 and B in Eq. (1) were
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FIG. 1. Plots of the E,(r) and Z(r) representations of the experimental
RKR data for (a) N, and (b) F,.

selected to give the exact separated-atom energy”’ at infi-
nite distance and the correlated, relativistic united-atom
electronic energy?® at r=0. The transformation of the
RKR data for V(r) yields the E (r) and Z(r) points plot-
ted in Figs. 1(a) and 1(b) for N, and F,, respectively. The
linearity of the RKR data sets in the Z(#) representation is
striking, indicating that the expansion of Z(r) about »,
converges rapidly. For the range of intermediate bond dis-
tances of concern here, Z(7) can thus be written as
K

Z(r)=zo+z(r—r,) + 22 ,,(r—re)" (2)

in which the zy and z; coefficients are found to be at least an
order of magnitude greater than their higher-order analogs
if r is expressed in A (see Table I below). Nevertheless, to
satlsfactonly fit the RKR data out to r(N,)=1.6 A and
r(Fy)=2.4 A, the upper limit X in Eq. (2) must be ex-
tended to 7 and 11 for N, and F,, respectively.

Extensive spectroscopic studies have firmly established
the dissociation energies, equilibrium bond lengths, and
quadratic force constants of N, and F,,2'~?* thus providing
values for E(r,), E,(r,), and E;(r,) and allowing z, z,
and z, to be ascertained uneqmvocally In addition, the
observed @, and ., constants?® for N, yield V" (r,)
—169.6 aJ A~ and V' (r,)=997.6 aJ A%, values
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TABLE 1. V(r) parameters for N, and F,.*

N, F,

DZP RHF RKR DZP RHF RKR
A —199.295 94° —199.565 8° —365.323 62° —364.5039° .
B 180.748 4(7—1)® 180.748 4(7~1)® 329.790 6(7—')® 329.790 6(7~1)°
r. 1.082 707¢ 1.097 685° 1.334 9809 1.411 930°
Z 2.258 028 37 2.258 029 34 3.353 860 00 3.353 861 20
z 2.344 700 20 2281151 14 2.806 251 88 2.508 708 05
z 0.237 794 0.127 367 0.172 260 0.009 460
2z —0.046 999 —0.099 744 —0.013 602 —0.039 633
2z —0.031 175 —0.026 538 0.008 768 . 0.017 855 [8]
2 0.034 471 0.047 202 [3] —0.020 785 0.027 784 [8]
2z —0.023 815 [1] 0.012 127 [4] 0.048 361 [5] —0.010 575 [9]
z 0.049 402 [1] 0.020 027 [4] —0.034 520 [5] —0.078 191 [9]
2z 0.030 502 [2] .ee —0.006 187 [6] —0.094 601 [10]
2 —0.081 551 [2] 0.010 441 [6] 0.215 908 [10]
Z10 —0.000 380 [7] 0.116 726 [11]
2z, 0.000 808 [7] —-0.181 962 [11]

Intervals of fit, » (A):
[1] (0.85, 1.45)
[5] (1.09, 1.83)

[2] (0.85,1.56)
[6] (1.09,2.06)

[3] (0.88,1.38)
[7] (1.09,2.26)

[4] (0.88, 1.56)
[81 (1.25, 1.73)

9] (1.25, 1.91) [10] (1.25,2.08) [11] (1.25,2.33)

2The functional form of the V() potentials is given in Egs. (1) and (2). Units: 4 and B in hartree, 7, in
A, and z, parameters in A—" The unconstrained z, quantities were determined from least-squares fits to
RKR and DZP RHF energy points as described in the text using the intervals enumerated in brackets
adjacent to each entry. The z, constants listed without brackets were evaluated from energy and derivative
data for each potential curve at the corresponding equilibrium distance, these data being determined
directly in the DZP RHF case and by means of the a, and o, spectroscopic constants of Refs. 21, 22, and
23 in the RKR case.

*The B parameters for the DZP RHF potentials were set to the corresponding RKR values, and the 4
constants in these potentials were subsequently selected as eight-digit values which reproduce the analogous
RKR z, paramieters within roundoff error.

°The A4 and B parameters for the RKR curves were chosen to reproduce the correlated, relativistic electronic
energies for the separated-atom (Ref. 27) and united-atom (Ref. 28) limits.

9dprecisely determined 7, values obtained from RHF analytic gradients.
Spectroscopic values from Ref. 23.

The z, values in the RKR curves were ascertained from the empirically derived (Refs. 21-23) dissociation

energies (in hartree) D, (N,)=0.3640 and D,(F,)=0.060 945.

which are in excellent agreement with theoretical predic-
tions of —170.5 aJ A~3 and 1005.0 aJ A%, respectively,
obtained here? with a large basis set denoted as
PZ(3d2f1g) used in conjunction with the coupled-cluster
singles and doubles method augmented by a perturbative
contribution from  connected triple excitations
[CCSD(T)].%° By constraining the third and fourth deriv-
atives of the RKR potential curve for N, to the empirical
values arising from ¢, and ©x,, the corresponding z; and
z, coefficients in Eq. (2) were determined. In the case of
F,, V" (r,)=—36.39aY A~%and V""" (r,)=231.0ay A~*
are given by the experimental a, and w.x, constants.”? The
former value was confirmed by subsequent PZ(342f1g)
CCSD(T) predictions, but the latter value was brought
into question.’® Accordingly, z; for F, was evaluated from
the empirically deduced V" (r,) value while z, was left as
an adjustable parameter.

The unconstrained z, parameters in Eq. (2) were
found via least-squares fits to the residuals remaining after
deflation of the dominant, fixed lower-order terms in Z(7).
To ascertain derivatives of the RKR potential curves ac-
curately, the fits must be performed sequentially rather
than simultaneously to ensure that the z,-n! values are

approximations to the r derivatives of Z and not merely
phenomenological constants. By analysis of model Varshni
potential functions for N, and F,, a cutoff interval for each
order was estimated about 7, within which the associated z,
term contributes less than 20 cm™! to V(7). These cutoff
intervals were utilized in a fitting procedure involving suc-
cessively larger ranges of #, in which the various z, con-
stants were found either individually or in pairs by fixing
all previously determined, lower-order constants in Eq. (2)
and then fitting the selected terms to the RKR points lying
inside the ensuing cutoff interval for the next higher-order
contribution. The RKR points for small internuclear dis-
tances in both molecules are somewhat uncertain, and in
the case of F, it was necessary to exclude the points for
r(F,) <1.25 A because the scatter contained therein®! de-
teriorated the fits of the higher-order z, coefficients.

All parameters involved in the RKR potential func-
tions for N, and F, are listed in Table I along with the
intervals employed in the fitting procedure. For compari-
son with the RKR curves, DZP RHF potential energy
functions were constructed analogously by computing and
then fitting energy points around the theoretical equilib-
rium geometry using the same intervals as in the RKR
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FIG. 2. Plots of the fitted RKR potential curves and the difference func-
tion W(r)=Vgup(r) — Vrkr(r) for (a) N, and (b) F,.

analyses. The final DZP RHF parameters for N, and F,
are also given in Table I along with their RKR counter-
parts. Prior to the fit, the values of the 4, B, r,, Zy, and z;
constants listed in Table I were selected to amend the V(r)
functional form to describe the RHF potential curves. An-
alytic third-derivative techniques®>> were then used to
precisely determine the DZP RHF quintic force fields of
N, and F, at the theoretical r, distances via numerical
differentiation, and these force constants were used to con-
strain the values of 22—25.36 The validity of the V() repre-
sentations was confirmed by tests of DZP RHF higher-
order derivative predictions at representative points. For
example, for N, at r=0.92 10\, V”, V', and V"'’ are
predicted by Egs. (1) and (2) to be —511.9 aJ A3, 3048
aJ 1§C4, and —1.95x 10* aJ ;X_S, in order, as compared to
—511.5, 3035, and —1.91x 10* from direct evaluation by
RHF analytic derivative methods. In addition, for F, at
r=155 A, V"”=—17.11 aTA~3, ¥""""=95.10 aJ A%,
and V""'"'=—474 aJ A~% are given by Egs. (1) and (2)
vs —17.10, 94.82, and —479 by direct evaluation. This
high level of agreement bolsters confidence in the analo-
gous RKR derivative predictions, even though the accu-
racy of the RKR results is surely somewhat diminished by
the uncertainty of the input data and the smaller number of
reliable constraints.

W. Allen and A. Csészéar: Higher-order force constants

" Plots of the RKR potential curves as well as those of

W (r), defined as Vryp(#) — Vrxr (#), appear in Figs. 2(a)
and 2(b) for N, and F,, respectively. In Figs. 3(a)-3(d)
the first through fourth derivatives of the RKR functions
for E,(r) and V(r) are plotted, and in Figs. 4(a) and 4(b)
the percent errors in the DZP RHF electronic energy de-
rivatives for N, and F, are shown as functions of the in-
ternuclear distance. Finally, numerical comparisons of
RKR and DZP RHF derivatives of E,(#) and ¥ (r) are
presented at both the theoretical and experimental #, bond
distances in Tables II and III, wherein the aforementioned

- PZ(3d2f1g) CCSD(T) predictions are also given for ref-

erence.
There are several salient points which are elucidated by

_the analysis of the N, and F, potential energy curves:

(1) Because the total energy is a sum of two parts, viz., the
electronic energy and the nuclear-nuclear repulsion energy
(V) all derivatives of V(r) are comprised of two sizeable
terms, which happen to be opposite in sign. The data in
Tables I and III clearly exemplify this generalization. The

- theoretical prediction of force constants is thus seen to be

a rather unbalanced procedure vis-a-vis cancellation of er-
rors, because the V) contribution and its derivatives are
obtained exactly while the E, term and its derivatives are
determined only appmxiinately. A delicate balance of the
two terms of opposite sign may thus arise, in which case
the associated force constant predictions depend strongly
on the level of theory. .

(2) The E, and Vy, contributions to the quadratic force con-
stants nearly cancel each other, but for the higher-order
Jorce constants the contributions of the derivatives of Vy
become increasingly dominant. Note from the data in Ta-
bles II and III that for N, at the experimental geometry,
E/Vy = —1.00, E]/Vy = —0.87, E'/VY = —0.63,
and E."'/Vy' = —0.38, whereas in the F, case these
ratios are —1.00, —0.96, —0.87, and —0.74, respectively.
Inspection of the plots in Figs. 3(a)-3(d) reveals that this
behavior is not restricted to the experimental bond distance
alone. In particular, the ¥ (r) derivative curves shift away
from the 7 axis as the order of the derivative is increased,
indicating a relative aggrandizement of the V' contribu-
tions. It can thus be inferred that higher-order bond
stretching derivatives depend strongly on core—core nu-
clear repulsions and that the cancellation of the E, and ¥
derivative terms decreases substantially in higher order.
This conclusion is in accord with the original data reported
by Schwendeman, #® who listed the ratios of electronic to
nuclear-repulsion contributions to quadratic, cubic, and
quartic force constants of 13 diatomic molecules. In related
work, Schwendeman'®® also argued that the cancellation
of E; and V' terms can be interpreted as causing the error
in RHF theoretical bond lengths to be pseudo-first-order
rather than second order, as would have been expected
otherwise.

(3) By all accounts the accuracy of the DZP RHF predic-
tions for the electronic energy derivatives of both N, and F,
is remarkable on a percentage basis; however, the theoretical
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FIG. 3. RKR derivative functions for N, and F,: (a) first, (b) second, (c) third, and (d) fourth.

predictions for the second derivatives of V(r) are much less
accurate than those of E(r), a disparity which becomes
smaller for higher-order derivatives. As shown in Figs. 4(a)
and 4(b), the errors in the DZP RHF derivatives of E (7)
through fourth order are well under 10% for both N, and
F, over bond-length intervals of 0.5 A or greater encom-
passing r,. Because the errors in E, E;’, and E,""' are
comparable, the fact that the V” predictions are much
poorer than the V" and P’’’ results is a direct conse-
quence of the aforementioned cancellation of nuclear re-
pulsion and electronic energy terms. Note as a specific ex-
ample that the theoretical E] value for N; is in error by
only 3.0% at the experimental r, distance, but the corre-
sponding discrepancy for V" is 19.4% (see Table II); in
contrast, E.'’" and V"'’ for N, are predicted to compara-
ble accuracies of 5.6 and 3.9%, respectively. These obser-
vations are consistent with those of Pulay, Meyer, and
Boggs,”” who have reported correlation contributions of
less than 1% to the cubic and quartic constants of several
diatomic hydrides. It seems clear that the E.(») function
and its derivatives and not the corresponding V(r) curves
should be considered the best measure of theoretical per-
formance.

(4) While correlation effects are most prominent in deter-

- age basis. As a result, the conventional view!8

mining the first derivatives of V(r) and consequently opti-
mum bond lengths, it should not be construed from this fact
that the correlation contribution to E, is in a relative sense
greater than the analogous contributions to the higher de-
rivatives. Because RHF potential curves typically dissoci-
ate to products which are erroneously high in energy, the
correlation energy usually becomes much larger as bond
distances are elongated. Moreover, uncorrelated optimum
bond lengths are usually too short (at least for molecules
involving first-row atoms) and correlation contributions to
higher-order derivatives are generally small on a percent-
on this
issue has been that the correlation energy can be well ap-
proximated as a linear function of » with positive slope for
intermediate bond distances near r,. Exceptions do exist,
however; Michalska et al.*® showed that for LiH and Li,
the optimum bond lengths predicted at the 6-311G**
RHF level of theory are longer than the experimental val-
ues and the correlation energy is actually a decreasing
function of r near the equilibrium distance. In the partic-
ular cases of N, and F,, the first derivative of the correla-
tion energy, W' (r),% is clearly positive near r,, as seen in
Figs. 2(a) and 2(b), and the curvature of W(r) is much
smaller than that of V(r). The linear approximation is
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the E-é predictio}ls are not inherently less accurate on a
percentage basis than their higher-order analogs, but
rather the cancellation of the ¥V and E, derivative terms
causes the absolute error in E,, to be of greater significance
in the determination of the total energy derivative than in
higher-order cases.

at the experimental 7, structure reveals a much smaller

6+ — 3 (5) If theoretical derivatives of the total energy are com-

0:9 1:1 153_ L5 pared to experimental values at the same geometry, despite

(@ r(A) cancellation problems in the Vy and E, terms, RHF theory

is quite successful in predicting force constants. Note in Ta-

L _ ble III that for F, the “pure” theoretical quadratic force

67 - - constant of 8.82 aJ A2 is 87% larger than the empirical

I;s 3l 2 | value of 4.70 aJ A“'z;’ but the error comes almost exclu-

@ /\ 1 sively from the drastically different reference geometries on
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FIG. 4. Percent error curves for the DZP RHF electronic energy deriv-
atives of (a) N, and (b) F; as referenced to the analogous RKR func-
tions. The experimental data do not determine the RKR third and fourth
derivatives to better than 1%; hence, some of the structure in the percent
error curves at third and fourth order may be artifactual.

particularly good for bond distances greater than 1.2 A in
these molecules, even though for smaller distances W (r)
cannot be neglected, as highlighted by the fact that W (r)
for N, actually goes through a minimum near r=1.0 A.
This conclusion notwithstanding, the plots in Fig. 4 reveal
that in the case of F, the percentage errors in the DZP
RHF values for E, are comparable to those for E,, E.,
and E,'’’ over a wide range of bond distances and in the N,
example are actually much smaller. Thus, at the RHF level

error of 14.1%, and at the theoretical r, distance the dis-
parity is only 7.3%. The agreement for V" and V'’’’ is
even better, provided once again that a direct comparison
of quantities at the same geometry is made. For example,
at the experimental 7, structure, the DZP RHF cubic force
constant for F, (—36.18 aJ A~?) differs from the experi-
mental value (—36.39 aJ A~3) by only 0.6%. Because F,
is recognized as a pathological case for computational
quantum chemistry,"'o it is remarkable that the errors in the
second, third, and fourth derivatives of E,(r) are consid-
erably smaller for F, than for N, [cf. Figs. 4(a) and 4(b)]!
This comparison serves to emphasize that the choice of
reference geometry is critical in the ab initio prediction of
high-order force constants.

From the analysis of the RKR and DZP RHF poten-
tial energy curves of N, and F,, it is clear that there are
merits to the selection of nonstationary reference geome-
tries in force field predictions. However, this approach in-

TABLEII. A comparison of DZP RHF theoretical and RKR experimental data for the electronic (E,) and
total (V) energies of N, and their geometric derivatives through fourth order.?

At ,(DZP RHF)=1.082 707 A

At r,(expt)’=1.097 685 A

% % PZ(3d2flg)

DZP RHF RKR error  DZP RHF RKR error  CCSD(T)®
E,(N,) —132.907896 —133.503919 —045 —132.580357 —133.177747 —045 —133.029 426
E 96.437 96.074 038 94255 93.823 046  93.766
E" —147.88 —152.54 —3.1 14355 —148.01 —30 —147.63
E” 294.1 308.4 —46 2839 297.6 —46 2967
E' —692.1 —733.8 —57 —6655 —704.9 —56  —6975
V(N,) —108.958964 —109.554988 —0.54 —108.958210 —109.555600 —0.55 —109.407271
v 0.00 —0.3632 0.4315 0.00 —0.0556
1% 30.26 25.60 182 2740 2294 19.4 23.31
p —199.5 ~185.2 77 —1833 —169.6 81 —170.5
prer 1131.4 1089.8 3.8 1037.0 997.6 © 39 10050

*The DZP RHF and RKR results were extracted from the potential-energy functions detailed in Table I. All
energies are given in hartree, whereas all derivatives correspond to energies measured in aJ and distances
in A. The percent errors are given as 100(RHF/RKR —1).

Reference 23.

‘Highly correlated theoretical predictions. See Sec. IV for details.
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TABLE III. A comparison of DZP RHF theoretical and RKR experimental data for the electronic (E,)
and total (7) energies of F, and their geometric derivatives through fourth order.”

At r.(DZP RHF)=1.334980 & At r,(expt) =1.411930 &

Yo Yo PZ(3d2f1g)

DZP RHF RKR error DZP RHF RKR error CCSD(T)
E/(F,) —230.847255 —231.773494 —0.40 —229.092257 -—230.027524 —0.41 —229.724951
E, 104.859 104.371 0.47 94.277 93.741 0.57 93.735
E? —148.28 —148.98 —-05 —12742 —128.08 -0.5 . —128.00 ..
EY 298.1 296.8 0.4 245.9 245.7 0.08 247.1
E}" —755.4 —745.8 1.3 —604.6 —588.0 2.8 —6225
V(F,) —198.739402 —199.665641 —0.46 —198.734278 —199.669 545 —0.47 —199.366 961
Vv 0.00 —0.4873 0.5365 0.00 e —0.0044
| 44 8.818 8.217 7.3 5.365 4.703 14.1 4.778
y —54.95 —56.24 -2.3 —36.18 —36.39 —0.6 —34.99
yrr 302.3 311.9 =31 194.7 211.3 -7.9 176.8

*See footnotes a—c of Table II

troduces new problems in ab initio determinations of force
constants, which is the subject of the remainder of this
article.

Il. REVIEW: SELECTION OF REFERENCE GEOMETRY

In theoretical predictions of molecular force fields ap-
pearing in the literature, various choices have been imple-
mented for the reference geometric structure: (a) the op-
timum geometry at the level of theory used in the force
constant evaluation, (b) an experimental #,, 7o, 7, 75, ¥4 ¥
Py OT 7 structure,*! (c) an optimum geometry from a
higher level of theory, or (d) an empirically corrected the-
oretical geometry. Additional possibilities are prescribed,
standard geometries42 or empirically corrected experimen-
tal geometries, e.g., an experimental r, structure to which
corrections have been added to better approximate r, pa-
rameters.*> While option (a) is preferred conceptually and
is the most common choice by far, there are several bond
types known for which moderate levels of theory, even
ones including extensive treatments of electron correlation,
yield optimum geometric parameters containing substan-
tial errors. In these cases the corresponding force constant
predictions are deteriorated merely as a consequence of
deficient reference geometries, as exemplified by the case of
F, above. Such considerations led to the recommendation
of choice (b) in the early work of Schwendeman,18 but for
many polyatomic molecules of interest, precise experimen-
tal geometries are simply not available. An additional com-
plication apparent from the analysis in Sec. I is that size-
able variations in predicted bond stretching force constants
can arise even from the small differences between empirical
r, parameters and various vibrationally averaged analogs,
thus hindering systematic comparisons of force fields based
on phenomenologically different reference structures.

The selection of the reference geometry according to
option (c) or (d) generally improves the accuracy of the
theoretical force field without establishing a dependence on
experimental structure determinations for the particular
compound under investigation. A notable example of the
efficacy of option (c) is contained in the analysis of vibra-

J.
Downloaded 19 May 2006 to 157.181.190.84. Redi

tional anharmonicity in the HOF and F,0O molecules by
Thiel e al,'® in which RHF cubic force constants deter-
mined at CCSD optimum geometries were found to be in
remarkable agreement with their CCSD counterparts. The
viability of option (d) was established in the 1970s by
Blom and Altona® and Pulay and co-workers.”1%* In this
approach, which is predicated on the occurrence of system-
atic errors in theoretical structural predictions, empirical
offset values for specific bond types are appended to opti-
mized internal coordinates obtained at a standard level of
theory in order to approximate true r, structures. Standard
offset values at both self-consistent-field (SCF) and corre-
lated levels of theory have been proposed on the basis of
several quantum chemical inves’cigations,"””‘s‘52 the most
extensive list being constructed for SCF studies with the
4-21G basis set.” %47 In more recent applications, Pulay
and co-workers>> have modified the original procedure by
employing standard offset forces for specific bond types
rather than shifts in the structural parameters themselves.

- Naturally, the use of option (d) may be ill-advised for

unusually bonded chemical systems.

In effect, shifting the reference geometry from a local
minimum to a nonstationary point is equivalent®'* to mod-
ifying the original theoretical surface V' (s) to

VShift(S;.g?)=V(S)—gShift' (@_.@shjft)’ (3)
where & denotes a complete set of internal coordinates
perhaps distinct from s, M s comprised of the values of
these coordinates at the shifted reference geometry, and
g*ift s the corresponding gradient vector at 21" given by
the particular level of theory. Since this procedure can be
accomplished with any complete and nonredundant set of
internal coordinates, the shifted surface is not uniquely
defined, and for this reason an implicit dependence of pehift
on Z is indicated in Eq. (3). This dependence is elucidated
when the various choices of the shift term are expanded in
Cartesian coordinates, leading to identical first-order terms
in the Cartesian space but different higher-order terms. For
example, in the N, and F, cases discussed above, each DZP
RHF potential curve could be modified to have a minimum
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at the experimental r, distance by adding a shift term
which is linear in any one of the geometrical coordinates
mentioned in Sec. I, namely », p=(r—r,)/r, or
&=exp(p)—1. Bach choice would give rise to different
quadratic, cubic, and quartic force constants with respect
to » because p and & are nonlinear functions of the bond
distance. Although this problem is not widely appreciated,
it has been recognized previously by Pulay'? as it pertains
to quadratic force constants; however, no attempt has been
made to study it systematically, to show the analogous
effect on higher-order force constants, or to ascertain quan-
titatively the magnitude of the problem. Thus, the purpose
of the present paper is to provide a thorough analysis of the
selection of nonstationary reference geometries in theoret-
ical determinations of higher-order force constants by in-
vestigating both the analytical foundations of the proce-
dure and numerical results for representative molecules.

Iil. THEORETICAL FOUNDATIONS
A. Geometric derivative relations

The basis for analytical considerations of the shifted
molecular potential energy surface in Eq. (3) is the depen-
dence of the associated internal coordinate sets on the Car-
tesian coordinates of the nuclear centers. Let {{g;
a=12,..,3N} represent a complete and nonredundant set
of curvilinear displacement variables defined with respect
to an arbitrary reference configuration of an N-atom mol-
ecule,” >’ including both the set of internal displacement
coordinates {s,; p=1,2,....,M} and the external displace-
ment variables {7',7; n=1,2,...,L}. For nonlinear and linear
molecules, (L,M)=(6,3N—6) and (5,3N—35), respec-
tively. The space of generalized external variables is gen-
erated by the mapping 7,(x) =7, (q), where ,(x) repre-
sents a canonical set of translational and rotational
coordinates which are orthogonal to the internal variables
at the reference configuration, and q=ux denotes a set of
rectilinear coordinates resulting from an arbitrary linear
transformation (u) of rank 3V of the Cartesian variables x.
To maintain consistency in the following analysis, the in-
dices utilized to enumerate the various types of coordinates
are { p,q}, internal; {7,w}, external; {/,j,0}, Cartesian; and
{a.B,7,6,€}, general.

The displacement coordinates §, can be represented by
an expansion in the set of rectilinear Cartesian displace-
ment variables {x;} according to

1 W
o —
.z B; i + E B’l'z ’1x'2+6 11% B’l’z‘sx’lx’les
1 3N
+2_4 Z Bz:213z4x11x1 XX, 4)

iiyisiy

where the various Bz iy...i, coefficients for the internal and
iy

external spaces are defined by

B, L N 5
hip-ty (8x,16x,2 Ox; ) ()

and
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BY, 9y 6
biy-dy (ax,lax,2 o, ) (6)
both sets of geometric derivatives being evaluated at the
reference configuration. A complementary expansion can
be developed for x; in terms of the set {&,}:

3N ) 1 3N ) 1 IN .
xi= 2 Ackats 2 Aubabptz 2 Auphaboly
a afB affy

| A
bgp 3 Akt ™

Substitution of Eq. (7) into Eq. (4) yields the first-
order condition

3N )
Z BiAp=3,p, (8)

in which BY can be partitioned by defining ( Bl) = BY and
(B,),;= B} for the internal and external spaces, respec-
tively. The quantities (B,),; are elements of the familiar B
matrix of Eliashevich and WllSOn,54 5 for which simple
formulas are known for all commonly used sets of internal
coordinates. The matrix formulation of Eq. (8) is

Bl B/A, B, I, 0

where (AI),.p EA; and (A;) msAi, refer to internal and ex-
ternal partitions of the inverse B matrix, and I, and I; are
M- and L-dimensional identity matrices, respectively. For
canonical sets of external variables Ty ° (x), the elements of
B;B7 are identically equal to zero, i.e., the first-order or-
thogonahty relation

, (%)

)| [A1 A2]=[

2 BB =0 (10)
holds at the reference configuration (see Appendix A). For
the space of generalized external variables 7,(x), B,
=B5u ’1, and hence the associated orthogonality condition
is

(BzuBi) 0. (11)

As a consequence of Eq. (11), the composite A matrix in
Eq. (9) can be constructed from the expressions
A;=uB!(BuBT)"! (12)
and
A,=u"BI(B,u"B]) -1 (13)
These partitions also yield the left inverse of B. Specifically,
after defining

B
Y=AB=[4; Al[p!|=ABi+A;, (14)

the following system of equations arises after successive
projections on Y with B, and B,:

B Bl]

B, B,| (15)

|v=
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If the set of internal and external variables is complete and
nonredundant, then the partitioned B matrix in Eq. (15)
has a unique inverse, and Y is thus equivalent to the 3§
X 3N identity matrix I,y.

The standard body-fixed axis system employed in the
separation of molecular vibration and rotation is deter-
mined by the Sayvetz conditions,*®*®*° which can be in-
voked by using external variables for which u is a diagonal
matrix contaimng triads of the reciprocal atomic
masses.">® This choice is necessitated in applications in-
volving the transformation of tensor quantities from Car-
tesian to internal coordinate representations, as in trans-
formations of dipole-moment or polarizability derivatives.
However, in analogous transformations of scalar molecular
properties, such as potential energy derivatives, the choice
of the body-fixed system is not restricted. In these cases it
is desirable to select a canonical set of external variables
such that u in Egs. (12) and (13) is the identity matrix in
order to simplify the mathematical transformations of con-
cern.

The analogs of Eq. (8) through fourth order arising
from the reciprocality of Eqs. (4) and (7) are

_Z BZAL + 2 B Ajd?= (16)
Z Bidj s+ . 2 B}, A"2{By, 5}
3N o
+ z Bl 16213 IIA?A:;:O’ an
fihals

and

N
Z BiA} o+ 2 B A {ByS,e}+ 3, BY, AT{By,5¢}
iiy

iy

N
+ X Bf,A"5{By,5,€}
i1ty
3N . s .
+ 2 By A A4:=0, (18)

1112131

which are applicable regardless of whether the indices a, B,
7, 6, and € represent internal or external variables. In Egs.
(17) and (18), the following general notation has been
introduced:

Xalaz"'a”{ﬁl'}/l...,[3’2’}/2...,...,3,1'}’”...}

= ; Xalaz...a,,[ cgv}”(BIYI-'-:BZ?/Z'-w-":Bn?/n"') ]’ (19)

where X is an arbitrary quantity, .#” enumerates all unique
combinations ¥ _,- of a given composite list of indices, and

Xalaz...an [Bl'}/l_.,,Bz'}’z.--,---;ﬁn’}/n-..]
=X

2 . " -
By ng’)’z"' Xg,,y,,...- (20)

For example, in Eq. (17)

em. Phys., Vol

TABLE IV. Number of terms represented by the brace notation® for the
quantities 412+, BPIP2-Pn CN929n, and W9192-4n,

AN2in, BPP2-Pu and CT1929n

{8y, B:} 1
{B:8:55} 1
{B,8, B3} 3
{B, B, B3} 1
{B\B:BBs} 1
{8\8:535, B:} 4
{B:8, B:Bs} 3
{8182 B3 Bs} 6
{ﬂ]! BZ! BJ: B4} 1
{B:B253B4Bs} 1
{B\8:8:B4, Bs} 5
1B1B:By, BuBs} 10
{B\B:B5s3, By Bs} 10
{B\B>, B3Bs Bs} 15
{B\B:, B, Bs Bs} 10
{Bls BZ: ﬁ}: B4: BS} 1
{B\B:B3BuBsBs} 1
{B18:5:848s» Be} 6
{B:B:8:B4 BsBs} 15
{B:\B:Bs, BiBsBe} 20
{ﬁlBZBSBM BS! Bﬁ} 15
{B\B:f3; BiBs, Bst 60
{B\B:Bs, By, Bs, Be} 20
{B\By; B3Bas Bs, Be} 90
{88, B3, Ba Bs, Be} 15
{ﬁl: BZ’ B}r B41 BS! 66} 1
wa
{p: P23} 3
{ P, P203 P4} 4
{p1P2 P pa} 6
' { Py, P2P3 Paps} 5
{p102 Py Paps} 10
{p1 P> Py paps} 10
{P1 P2P3 P s Ps} 6
{ P12 P3P Ps Ps} 15
{ P\ P2 P35 Paps D6} 20
{p1 7293 Doy Ps s} 15
wan
{ P P20 P4 s} 15
{p1 P2P3 P4 Ps P6} 60
{1 P2 3 Ps» D5 P} 45

2The number of unique combinations of indices arising in the notation of
Eq. (19) is given. The index [3, represents either a Cartesian-coordinate
index #, or an internal-coordinate index p,. Because the superscripts in
Eq. (19) can be interchanged in the equations of the text, permutations
of the indices in the table are not unique. Moreover, reordering of the
index partitions does not give distinct contributions in the A%z,
BPP2-Pn, and CI9%29n cases but does so for the W%929n terms. Thus, the
number of terms for W7{ p,p,,pyp,} is twice that for 412 p,p,.p:p,}, for
example.

A12{By,8} = A" [ By,5] + A2 [ BS,y] + A2 [ v8,6]

T T i 4F i

=AdgAs+4g 2+A laA (21)
The notation summarized in Eqs. (19) and (20) is also
used in numerous expressions involving Bfl iy...;, derivatives

given below; in each case the number of terms represented
by the braces in Eq. (19) is listed in Table IV.
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2992 W. Allen and A. Cséaszar: Higher-order force constants

Expressions for the higher-order internal-coordinate
derivatives B, B}, ;, and Bf,,; can be derived via di-
rect, albeit tedious, differentiation of the basic functional
forms for the various types of internal coordinates in com-
mon usage, specifically, bond distances, Simons—Parr-
Finlan variables, valence bond angles, linear-bending coor-
dinates, out-of-plane bending angles, and dihedral torsional
angles.®""% All of the corresponding equations have been
derived 1ndependent1y in this study and coded in the pro-
gram INTDER;®® many of these expressions have been tab-
ulated elsewhere,36:62:63,66-69

The A;B, Aaﬁ,,, and Aaﬁya quantities in Eq. (7) are
generally not amenable to direct evaluation, but these
higher-order expansion coefficients may be determined in-
directly from the complementary Bf-’l by derivatives using

Egs. (16)-(18). In manipulations involving these equa-
tions, it is useful to define the following notation:

2 BS, s AR AR . AL (22)

’I'Z i
Subsequently, Eq. (16) can be written in matrix form as
B, &
B, Apy=— cﬂr
where the vector components (Ag,),, (c‘f”) p» and’ (cé*"),,
are equated with the elements 43,, C3,, and C},, respec-

tively. By inverting Eq. (23) using Egs. (12) and (13), it
is found that

(23)

Ag=—A T —AY, (24)

or in expanded, component form
3N

Agy=— %AIIAIZ(F‘”I +Goiyy)» (25)
where

Foiy.i, = E A7BS; (26)
and

L - - -
Goiiy...i, = %A%Bziz...in- (27)

In an analogous fashion, Eq. (17) can be inverted to yield

AG5=— ZA (

N
75+ 2 BlllAulz{ﬁy 6})
iyi

3N
- ZA ( 7 o+ ZB A""'Z{/a’y,rS}), (28)

which upon rearrangement gives

AEy6= — 2 (A”Alz llAlz +AI‘A12 )(Fo'zl +Gai )

12

_ 2 A’lAle’3(le

ifipiy

1213+ G0'111213) (29)

if the explicit form of 412{By,8} is employed. In brief,
after determination of the elements Agy via Eq. (25), the
higher-order coefficients 4z,s can be evaluated from Eq.
(29) by explicitly inverting only the first-order B matrix.
This approach illustrates the general, sequential procedure
by which AZIBZ---ﬂ,, coefficients can be efficaciously deter-

mined from lower-order counterparts and Bf-’i,-z ; deriva-
n

tives.

B. Force constant transformations between internal
and Cartesian spaces

The marked curvilinearity of the internal coordinates
of a molecular system causes the general transformation of
potential energy derivatives between internal and Cartesian
spaces to be decidedly nonlinear, a consequence which is
paramount to the analysis of Eq. (3). To facilitate the
specification of the resulting transformation equations, su-
perscripts and subscripts are used to denote internal- and
Cartesian-coordinate derivatives, respectively. For exam-
ple, V; refers to the ith component of the Cartesian gradi-
ent, and PP¥%3 corresponds to the cubic force constant
involving internal coordinates p;, p,, and p3;. Because the
molecular potential energy surface does not depend on the
external variables of the system, the components of the
Cartesian gradient can be determined via a linear transfor-
mation of the internal forces alone:

ds
V Z Vp(ax) 2 Ve (Bl)pz

The inversion of this ﬁrst-order expression using Eq. (8)
yields

(30)

N
r=2 VA, (31)
1
in which V7 is invariant to the choice of u in Eq. (12).° By
direct differentiation of Eq. (30), the following expression
is found for the quadratic force constant matrix in Carte-
sian coordinates:

s,
‘1’2 EVP (a d. ,)"' 2 Wlszpprz

i 1 X, 7 J 272

= z VPprl -+ 2 VP1P2_BPIB"2

14123

(32)

Upon multiplication of Eq. (32) by the product A;‘lA;ZZ and

summation over #; and i), the constant V% is isolated on
the right-hand side, and after rearrangement and reindex-
ing an expression for the quadratic force constant matrix in
internal coordinates is obtained, viz.,

yr= 2 Vv, A" 4" —

i 45%p " py Z VG, Pby (33)
The primary significance of Egs. (32) and (33) is that the
Cartesian and internal quadratic force constant matrices
cannot be interconverted by a linear transformation alone

because Bfl‘l.z and hence C‘lez are generally nonzero for
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curvilinear internal coordinates. However, if the forces at
the reference geometry are zero, as in case (a) of Sec. II,
the transformation in fact becomes linear, as pointed out
by Pulay.?

An expression for the cubic force constant matrix in
Cartesian coordinates arises by direct differentiation of Eq.
(32). Specifically,

;= Z Vpprl{lllzl:;}‘l‘ Z VPIPZBP1P2{1112,13}

'1'2’3

y3123
M
+ Z VP1P2P3 BPPPs L i Y, (34)
P1P2P3

where the brace notation of Eq. (19) has been invoked (see
Table 1V). Manipulations analogous to those leading to
Eq. (33) provide an equation for the internal-coordinate
third derivatives:

N M
LTy VzuA”'z'3{P1’P2aP3} Z W p1.p2p3}

l|1213

2 VICS popy (35)

in which the brace notation in the second term refers to the
quantity

W12 Cn[ Bo¥g. . sB1Y 1o sB2V 2w eseoeslBuV noe-

EVala?-"'anBOYU"'Cg‘ Cﬂz Chn (36)
171

Vi Ba¥ae" T ByY e

As shown by Egs. (34) and (35), a direct linear transfor-
mation between the Cartesian and internal cubic force con-
stant matrices is never valid, even if the ab initio force field
is determined at a stationary point and all the V7 deriva-
tives are zero.

The analogous fourth-order transformation equations
are

M
+ X VPR BRIy}
PiPap3

M
+ X VPPPPBPPE,  ly i} (37)
P\Pabapy

and

N
VPP Y Viiiii A1 prpospapal

111213!4
M
— 2 [W prpwppa} + Wi pipypipa}]

91

" M
_ 992919 !
%ﬁzquw%}zprﬂ

(38)

Thus, to determine Cartesian derivatives through fourth
order from internal-coordinate force constants, Egs. (30),
(32), (34), and (37) are utilized directly. In contrast, to
determine quartic force fields in internal coordinates from
Cartesian derivatives, Egs. (31), (33), (35), and (38) are
applied in succession, at each step using the lower-order
results given by the previous transformation. Note that by
sequential forward and backward transformations through
intermediate Cartesian representations, Egs. (30)—(38) fa-
cilitate general nonlinear transformations of molecular
force fields between different internal coordinate sets.

As illustrated above, the general procedure for gener-
ating the set of ath-order transformation equations begins
with the direct differentiation of the (#—1)th-order Car-
tesian derivative expression, thus allowing Viliz---"n to be
evaluated from the internal-coordinate derivatives
{ypPrPEK = 1,2,.,n}. By multiplying the result by

"A'2 A;" and summing over iy,iy,...5,, a relationship be-
tween particular P7192-% constants and the set {V,~] "z-~-"n} is
found which involves the lower-order derivatives
{yPwr-PK = 1,2,..,n —-1}. Rearrangement and reindex-
ing yields the final form for the internal derivatives

VP BPALf in0a0 Ve[ BRI fia,0 . . o
Vi, = Z {iialsia} + p;Epz [ {ialie} pPiP2-Pn, With the aid of several new definitions, the gen-
eral transformation equations can be written in the follow-
+ BPP2{iyin,i3is} ] ing abstract form:
]
n M & (Kn)
Vigi= 2 | & Werrx X etk (P 5D (i)} (39)
K=1| pips-pg V=1
and
3N M L Kn)
K,
yPiPr-Pn= 2 1112 zAlllz I"{plspb 9pn} Z V‘Il pp Z Z z yae qKC{'@l(;, l"t")(plp}"pn)}
gy P2 Zo | qmax 2t

M ¥ (K,n)
+ X

Nap-gg-1 =1

> wan - {ZED (pp, p)}.

(40)
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TABLE V. Number of partitions [.Z,(K,n), .& ,(K,n), £ (K ,n)] in the sums of Eqgs. (39) and (40) for quintic through octic transformations.

m\K 2 3 4 i 5 6 7

5 (2,1,3) (2,0,1) (1,0,0)

6 (3,24) (3,1,2) (2,0,0) (1,0,0) o

7 (3.2,5) (4,1.4) (3,0,1) (2,0,0) (1,0,0) e

8 (4,3,6) (4,1,6) (5,1,2) © (3,00 (2,0,0) ' (1,0,0)

The related operators @g{’,’/’-) for y=a, b, and c partition lists of # elements into K segments under the restriction that the
initial lexical ordering is maintained. In symbolic form

(K,n) — . B .
'@7’» 1 (alaz...an) = (alaz...ajl,ajl+lajl+2...aj2,...,ajK_2+ lajK_2+2...ajK_l,ajK_l+1...ajK), (41)

where the upper segment boundaries are indexed as (i, /s, /3,---sJk—1:Jk), the corresponding segment lengths are (/,,/,
=j—ju b=j3—Js s Ly=Jx—Jjx_1), and jg=n. The particular partitions included in each summation over .#" are
governed by sets of rules which apply for the different cases y=a, b, and c. If y=a, then .4~ enumerates all partition
operators for which the segment lengths sequentially decrease, i.e., /;>1,>--->I,. The operators included for y=» are the
same as those for y=a except that all instances in which a segment length of 1 appears are excluded. For y=c, the:
segment-length rules are L,>/;>--->/, and I541 for i»2; /; is unrestricted. In Table V the number of partitions in each
sum, .Z(K,n), is given for n=5,6,7,8 and K=2,3,...,n—1.

Because the ab initio determination of complete sextic force fields is becoming increasingly realistic,”” it is worthwhile
to report the explicit forms of the sextic transformation equations as illustrative applications of Egs. (39) and (40).
Specifically,

M M
Vst ™= 2 VO B {inbaisiaisic+ 2 V2] BPP2{iyhyisisis,icy + BPW2{iyighsisisic} + BPPHiyhyisiaisic} ]
P1 piP2 )
M
+ X VPP BRI ol s i} + BPPPI{dyinin,igis, s} - BPPPs{i iy sigisic} ]
P1P2P3
M
+ X VPR BRIyl iy i g} + BPPPP iy i g} ]
P1P2P3Ps
M M
+ 2 Vplp2p3p4p5Bp1P2p3p4P5{l'l1'2’1'3,1'4,1'5’1'6}+ . Z o VPIPZP3P4P5P6BP1P2P3P4PSP6{I'I’l'2,l'3,l'4,i5,i6} (42)
P1P2P3P4Ps P1PP3PaPsPe
and
3N : M M
iyiizigisi : Yok
VPeksbabshe = Z Vi AV propapypapsipet — Z Vqlc,glpzhpwspé— 2 VAR[CU%{ pipyps,papsps}
Hia13laisle o q 517

M M
+CN2{ pipppappet] — 2 VIRBCNEB] pipyppsppet— 2 [ W prpoppapspe}
N993 q;

+ W pip2papapsps} + W pipapspapspet -+ Wi pipappapspe}]

M
— 2 [W9% p,popspapspey -+ W% pipypipapspet]s (43)

9192 .

in which the nonvanishing terms arising as the index Kin  C. Selection of shift coordinates
Eqgs. (39) and (40) increases are listed in order. The

clearly discernible structure of Eqs. (42) and (43) belies . : . ..
the  complexity therein: for  example the  mation equations of the preceding section is that the non-

W% p, pappappe} contribution alone involves a total of vanishing internal gradients which arise when an ab initio
60 distinct terms. Indeed, the plethora of individual terms  force field is computed at a nonstationary reference geom-
in the sextic transformation equations is a hindrance to  €try in fact contribute to all higher-order derivatives in
their practical implementation. alternate Cartesian- and internal-coordinate representa-

The key principle embodied in the nonlinear transfor-
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tions. Consequently, an improper choice of shift coordi-
nates in Eq. (3) can engender anomalous higher-order
force constants in a given representation, thus warranting
considerations of the analytical underpinnings of the selec-
tion of the shift coordinates.

The choice of Cartesian coordinates for the shift term
in Eq. (3) leads to spurious characteristics of the shifted
surface. Consider the expansion

N L
V(x)=Vo+ Z Vixi+3 2 Vi,
i nk

il

W
1
+3 2 ViniXiXiXi,

i\ipi3
1w
2% > Vi XXX+ (44)

ibaisiy

While V(x) must remain unchanged upon an arbitrary
rotation of the entire molecular system, the individual
terms in Eq. (44) are not rotationally invariant on an order
by order basis. Therefore, the application of the shift term
using Cartesian coordinates, i.e., mere neglect of the linear
term in Eq. (44), must be considered invalid because this
shift term contains rotational dependence and thus the re-
sulting shifted surface does also. One manifestation of this
rotational dependence arises whenever the harmonic ap-
proximation is used to determine the vibrational normal
modes of a molecule via diagonalization of the mass-
weighted Cartesian Hessian at a nonstationary point. The
eigenvalues for the rectilinear translational modes are rig-
orously zero, regardless of the choice of reference geome-
try.>>%% However, the eigenvalues corresponding to curvi-
linear rotational motions are equal to zero only if the
quadratic force field is computed at a stationary point,
because the presence of any rotational variable which has
the same symmetry as a vibrational coordinate will effect
coupling of rotations to internal modes if nonzero forces
exist. The resulting rotational “frequencies” may be as
much as a few hundred cm™! in magnitude, and if low-
frequency vibrations are present in the molecule, the
vibration—rotation mixing may be considerable. In the
present context the existence of spurious rotational fre-
quencies is attributed to the rotational dependence of the
underlying shifted potential energy surface on which the
vibrational analysis is formally based.

The most obvious procedure for circumventing the
coupling of vibrations to rotations at a nonstationary point
involves the transformation of the Cartesian derivatives to
some set of internal coordinates according to Egs. (31)
and (33) followed by the utilization of the FG matrix
method® to determine the vibrational frequencies and nor-
mal modes of the molecule in the internal space. In es-
sence, this approach amounts to the application of the shift
term in Eq. (3) using the working set of internal coordi-
nates because the internal forces in this representation are
completely neglected in solving the vibrational secular
problem. Therefore, the final vibrational frequencies are
not unique, as discussed in the Sec. II above. For example,
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at the DZP RHF level of theory,” the predictions for the
w(ay), w,(a;), and w;(b,) harmonic vibrational frequen-
cies of ozone obtained at the experimental geometry’” are
1221, 726, and 747 cm™}, respectively, if the two O-O
bond distances and the O-O-O valence bond angle are
used as the internal coordinates but 1282, 768, and 709
cm ™! if the nonbonded O-O distance and the two nonva-
lence O-0O-0 angles are employed.

The effects of various shift terms are elucidated by
appropriate expansions of the shifted potential energy sur-
face. Consider the expansion of # in Eq. (3).in terms of an
intermediate set of Cartesian coordinates:

3N 3N
shift __ P 4 2 . x
Ry—R,)" = IZ .B,‘lx,l+2 IZI B} XX,
1 172

N

Z i

+g ,-1,-22,3 B, XXXt (45)
By employing Eq. (45) in conjunction with Eq. (31), it is
found that”

> i N 1 3N

E Vp(u%;p—_'%;hlrft): Z Vilxil—i_i e Uilinilxiz

' i hn

1 3N
+e f1l'zzig Uy iiiXi®+
(46)
in which
Usiy.s,=GT(BB) "Dy, (47)

In Eq. (47) the pth element of the M-dimensional vector
Dis,.i, is simply Bf?l iy ? and the internal gradient vector G
is equal to B h, where h contains the Cartesian gradient of
the potential energy function at the reference geometry. By
subtracting Eq. (46) from Eq. (44) and transforming the
resulting surface to a representation involving a general set
of internal coordinates '{sp}, one obtains

. 1 ¥
ViR (5. By = Vot = Z VPP, s,
2 PP 1
M i~
4= z VPIPZPSSplSPZSPB_*_ Sty

6 P1P2P3

(48)

where the transformed force constants are given by
3N

PP — Y (Vii,— Uiliz)Ailiz{PlsPZ}’

iy

(49)

IV :
veens= 3, (Vyii—Us o)A ppaps}

)iy

M
- 2 Wq{Pl’P2P3}, (50)
q

and higher-order analogs arising from Eq. (40), assuming
the quantity ¥ is constructed according to Eq. (36) using
the V7#2 coefficients. Therefore, the shift term in Eq. (3) is

P}?yr?'g leOJI'e (?thONRIP4I' (1; g Februarx p1993
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seen to remove the first-order term from Eq. (48) for all
choices of coordinate sets {#,} and {s,}, but the higher-
order terms in the expansion of P in the set {s,} are
concomitantly dependent on the selection of {7}

It is apparent from Egs. (47), (49), and (50) that the
contribution of the shift term to the higher-order force
constants in Eq. (48) may become anomalously large if
one or more of the following conditions are met: (a) the
Cartesian gradient h is large in magnitude; (b) the internal
coordinate set {Z,} is highly curvilinear whence the
D, ;,.;, vectors are sizeable; and (c) the set {#,} is nearly
redundant and B,BY is almost singular. This last circum-
stance can be particularly insidious, and a diagnostic for
the linear independence of the set of coordinates used to
form the shift term in Eq. (3) is thus desirable. In this
regard note that the U;; ; quantities in Eq. (47) are in-
variant to scaling of the individual internal coordinates. To
gauge the relative importance of the (B;B7)~! factor
therein, it is useful to employ a set of normalized internal
coordinates for which the diagonal elements of B;B] are
unity. The appearance of one or more small eigenvalues of
the normalized B;B7 matrix indicates a near redundance
in the set {#,} and predicts anomalously large Uiiy..q,

elements. In brief, it is not advisable to choose a set of shlft
internal coordinates which exhibits a singularity in B;BY
anywhere in the nuclear configuration space of concern.
The set of standard internal coordinates for various molec-
ular fragments recommended by Pulay e al > is generally
sufficient for the purpose of averting singularities. How-
ever, it is clearly desirable to develop procedures for the
construction of rotationally invariant shifted potential en-
ergy surfaces without reference to any particular set of
internal coordinates.

D. Cartesian projection scheme

A formalism whereby rotationally invariant shifted po-
tential energy surfaces are obtained by implementing a pro-
jection scheme directly in the Cartesian space would allow
any implicit internal coordinate dependence of the associ-
ated force fields to be circumvented. Consider an arbitrary,
collective displacement of the Cartesian variables of the
system which engenders both internal coordinate displace-
ments according to

3N 3N
z B x1[+ z Btlzz 11x12+6 z ‘Blllzl3 tlxzzxi:‘

l l 111213

24 z BIIIZIJI X xlle3x + (5 1)

iyiniziy #

as well as changes in the translational and rotational vari-
ables 7,. The projection of the Cartesian displacement x
onto the internal space can be performed to all orders by
neglecting the associated changes in the external variables
and substituting the internal coordinate variations given by
Eq. (51) into Eq. (7). The relationship between the pro-
jected displacement x* and its antecedent vector x thus
becomes

W. Allen and A. Csészar: Higher-order force constants

3N N
Z Pollxll_l_ E PUI]IZ l[x12+ 111213 0'111213 llx12x13
LY
24 2 P¢711121314 llxlxl3xl4+ "y (52)
iyiyiziy
where
ZA” BY, (53)
Poiyi,= EA” B + Z A5, B i}, (54)
M M
0'!11213 2 fll i3+ plzpz Aglszplpz{iliz,i:;}
Z A5 o By i3}, (55)
P1P2P
and
M
Bafi s 3
Poi i, = %‘4 ,1,2,3, 2 Ay p, [ BPP2dyiy i}
+ BP2{i1dy, 304} ]
+ 2 Ay p 5, B irigsi300}
P1Pyp3
+ Z Ay oo BOPF g}, (56)

P1P2P3P4

Note that P,; is an element of the conventional first-order
projection matrix onto the internal space,’*" i.e.,, P=A;B,
—=uBf(BuBY)~'B,. The sums in Egs. (53) (56) run
over the particular set of internal coordinates employed for
the projection in Eq. (51); however, it is shown in Appen-
dix A that Py, and its higher-order counterparts are inde-
pendent of the chosen set {s,} and can actually be computed
without reference to internal coordinates.

A shift term in projected Cartesian coordinates can
now be defined:

3N

flx*)= 2 Voxk

1 3N

Z i’ + 2 Chiii + 6 Z Ciyiyig*i¥i*i
iy iyiniy

24 z c11121314 11x12x13xl4+ (57)

iypisiy

in which the form of the linear term in x is a cdnsequence
of the matrix relation B;P=B,, and the expansion coeffi-
cients are determined by

3N
Chiiyedy = 2 VP, iy, * (58)
a

J. Chem. Phys.,, Vol. 98, No. 4, 15 February 1993

Downloaded 19 May 2006 to 157.181.190.84. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



W. Allen and A. Cséaszar: Higher-order force constants

The use of f(x*) as the shift term in Eq. (3) removes the
dependence of ¥*!® on 27 and effectively modifies the orig-

inal Cartesian force constants to V¥, i = Vii i
192 189y

Ciliyi

1°2'n

Alternate forms of Eq. (58) can be derived which
make the Chyiy, quantities more facile to computation and

more amenable to interpretation. In the particular case of
Ciyip substitution into Eq. (58) of V¥, from Eq. (30) and
Pyiyi, from Eq. (54) yields

M M N
cl'li2= pz VPI[ z ( z BZIAZZ) Bflzlz
1

¥ 3 o

M 3N
+ ( > BYAS m)Bf.’fo.’;]. (59)
pap3 g

The first term in parentheses can be reduced via Eq. (8),
and the second term in parentheses can be replaced accord-

ing to Eq. (16), thus giving

M 3N
= 01 P P1 .
Cip, = z Vv ‘Bili2 z Bj_] —’l'lP/Z’Z
14 Jih
3N

= 1'121;2 (8jli16j2i2_Pll i 12'2)( 2 VP]BP‘ ) (60)

A final form for Ciyiy is obtained by replacement of the last
factor in parentheses in Eq. (60) using Eq. (32):
N

Ciyiy= z (611’2612'2 Jify Jz’z)
192 RP1 Pz
X Vi5— }E vrie2B%) BY
1Pz
‘1’2 Z V!112P11’ Plz'z (61)
]
V?:'z's’-;_ Visiisiy = Ciriyisiy

-3

JidaJsjs

1121314 Jiiy 12’2 J3iy !4’4+ z 111213 (P;

+P!1’2P!z'4P13' '3+P!1‘3P12'4P13’ 'z) + z 11!2

+P; P

Ay Rbsiy

+P;iiPiii).

Jilvlg” hhaly

+Pj;

iy 12'2’4

!1 iy !2'2'3’4
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Note therein that the terms involving V772 cancel once
B,P=B; is employed as before. As a consequence of Eq.
(61), the projected, quadratic Cartesian force constants
resulting from the shift term f(x*) in Eq. (57) are given
by

l_ZVPP (62)

Vin="Viy—Cy VUl VN

12 h Thi

This projection formula has been utilized in previous stud-
ies™ and arises directly from the fact that to first order
x*=Px. The purpose for presenting the derivation of Eq.
(62) here is to illustrate the formalism by which the pro-
Jjection formulas for Cartesian force constants of all orders
are obtained.

The manipulations required to derive the third- and
fourth-order analogs of Eq. (62) are tedious and thus are
not detailed here. The first step ensuing from Eq. (58)
involves the replacement of V_, Poi iy and P, ;i ;. by the
expressions in Eqgs. (30), (55), and (56), respectively. In
turn the first terms in Egs. (55) and (56) give rise to
factors involving the internal force (¥?) contributions in
Eq. (34) and (37), thus facilitating substitutions which
ultimately allow all terms involving first derivatives to be
eliminated. After extensive rearrangements all quantities
involving internal coordinate derivatives can be cancelled
to provide forms containing only higher-order Cartesian
force constants. The final results for the projected cubic
and quartic Cartesian force constants are

VE =V, . —c. ..

ity ity Thbls

Z 1112/3 11’1 holy /3’3+ 2 1112 !11 Jalyls

JihaJ3
+ Pj!iZPj2i1i3 + P11’3P12‘ ) ) (63)
and
Jit 1P12’2P13’3‘4 PJ 1 1P!z‘3 J3ily + PJ 1 1PJz'4PJJ’2'3 + PJ 1’2P12’3P13' 14

+P; ;. P; +P;; P; +P;; P;

Jiy" Ry A3t Akl Jilg" Kbl

(64)

In examining Egs. (62)-(64), two salient features become apparent: (a) The projected Cartesian derivatives of order
n can be determined by utilizing projection matrices only through order #»— 1. Thus, by reducing the various cases of Eq.
(58) to Egs. (62)—(64), the computation of the nth-order projection matrix is obviated in the determination of the
projected nth-order force constant matrix. For example, Eq. (64) allows Vj‘l‘,-z,-3,~4 to be determined by using P,;, »» Poii,y and

P sy, Without Po; ;.

(b) The leading contributions to the projected nth-order Cartesian derivatives merely arise from

a linear transformation of the corresponding unprojected derivatives via the first-order projection matrix P. However, to
obtain the projected higher-order force fields properly, this linear transformation alone is not sufficient, as contributions
involving lower-order force constants and higher-order projection matrices must be included.
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Replacement of ¢; ;, ¢; 4, and Ciyiytyiy in Egs. (62)—(64) according to Eq. (58) provides translational and rotational

invariance relationships among the Cartesian force constants of various orders:

3N N
Vili2~— sz: —leszjlilez,-2= jz VJ'1PJ'1"1"2 ’
12 1

3N 3N 3N
V"liz"s_ z lefzjspjl"lpfzizpjs"s: E Vj1Pf1i1i2i3+ z Vflfz(Pfl"lpjz"z"a+Pf1i2Pj2i1i3+Pf1i3szi1iz)’
1273 N1 N2 .

and
3N
Viiiga— 2 VivaisilPiiPiiiiPiy
NJ2J3i4
3N 3N
= z Vil hiyiyiyiy+ 2 lejz(Pf1i1Pf2i2i3i4+Pf1i2szi1i3i4+P
J1 /2
3N
+ 2 lefzfs(Pfli1Pizi2Pf3f3i4+Pfli1Pf2f3P13i2i4+Pj1i1Pf2i4P

J1af3

These results reveal that for every » greater than 1, a re-
lationship exists between the Cartesian force constants of
order # and all Cartesian lower-order derivatives of order 1
to n— 1. The origin of these invariance relationships is elu-
cidated if Eq. (7) is substituted into Eq. (44) and it is
recognized that all terms involving each power of the ex-
ternal displacement coordinates {7,} must sum to zero.
Alternatively, by exploiting the equivalence of the expan-
sion of ¥ (x) in projected and unprojected Cartesian vari-
ables,

&1
Vix)= 2 — 2 Vit Xi Xy Xi,
n=1 " fipi,
1
= *ok L%
=2 = > Viigui i X0 X1 (68)
n=1 " jiy.i,

these invariance conditions can be extracted using Eq.
(52). It is noteworthy that Eq. (68) and the invariance
conditions ensuing from it provide a straightforward ap-
proach to the regeneration of Eqs. (62)—(64) for the pro-
jected Cartesian force constants on the basis of Eq. (58).
In Appendix D an outline is given of the relationship be-
tween Eqs. (65)—(67) and the translational and rotational
invariance conditions utilized by others’® for analytic de-
rivative evaluations in electronic structure calculations.

1IV. COMPUTATIONAL DETAILS

Ab initio results for the F,, N,, F,0, and N,O mole-
cules are reported in various parts of this paper as repre-
sentative numerical case studies of the determination of
anharmonic molecular force fields at nonstationary refer-
ence geometries. The atomic-orbital basis sets employed for
nitrogen, oxygen, and fluorine are denoted as DZP,
TZ(2d1f), and PZ(3d2f1g). The double-{ sp sets in the
DZP basis for each atom were comprised of the (9s5p)
Gaussian primitives of Huzinaga77 as contracted to (4s2p)

P

Jiyfy

(65)
(66)
vy TP ity + PP iy + Py iiE iy Py WPy )

4P PP AP PPy 4P PP ). (67)

Vg Jaist Jatiia e Ry i T i3t Byt Bl

by Dunning;’® similarly, the sp functions of the TZ(2d1f)
sets consisted of Huzinaga—Dunning (10s6p/5s3p) con-
tractions.””” In the “penta”-( PZ(3d2f1g) case the sp
sets were constructed from (13s8p/8s5p) contractions of
the primitives of Partridge80 according to (6,1,1,1,1,1,1,1)
and (4,1,1,1,1) schemes for the s and p functions, respec-
tively. The polarization functions complementing the sp
core of the DZP basis set involved single sets of d-type
functions with the exponents a,{N)=0.80, a,(0)=0.85,
and a,(F)=1.00, which are representative optimal expo-
pents for uncorrelated wave functions.’’ For the
TZ(2d1f) and PZ(3d2f1g) basis sets, correlation-
optimized polarization function exponents were employed,
as given by Dunning.% The exponents for the 2d, 34, 17,
2 f, and 1g sets are, in order: nitrogen, (0.469, 1.654),
(0.335, 0.968, 2.837), 1.093, (0.685, 2.027), 1.427; oxygen,
(0.645, 2.314), (0.444, 1.300, 3.775), 1.428, (0.859,
2.666), 1.846; and fluorine, (0.855, 3.107), (0.586, 1.725,
5.014), 1.917, (1.148, 3.562), 2.376. In the DZP basis the
d sets contained six Cartesian components, while the po-
larization functions in the TZ(2d1f) and PZ(3d2f1g) ba-
sis sets consisted of real combinations of only the true
spherical harmonics for /=2, 3, and 4.

Reference electronic wave functions were determined
in this study by the single-configuration, self-consistent-
field, restricted Hartree—Fock (RHF) method.>®** Dy-
namical electron correlation was accounted for by the
coupled-cluster singles and doubles method (CCSD),%-%0
augmented in most cases by the addition of a perturbative
contribution from  connected triple excitations
[CCSD(T)].(’"’92 In all correlation treatments the ls core
orbitals were excluded from the active space. Likewise, the
highest-lying 1s* virtual orbital for each atom was frozen
in the correlation procedures, all of these orbitals lying
higher than 20 a.u. in the DZP and TZ(2d1f) computa-
tions and above 150 a.u. in the PZ(3d2f1g) determina-
tions. The electronic structure computations reported here
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were performed by vanous 1mplementat10ns of the pro-
gram packages TITAN®® and ps1.’

The evaluation of quartic force fields was facilitated by
analytic gradient techniques for the CCSD(T) method®
and by analytic derivative methods from first through third
order for RHF wave functions.>®7349%%° A1l DZP RHF
cubic and lower-order force constants were determined an-
alytically, whereas the corresponding quartic force con-
stants were found numerically from finite differences of
analytic third derivatives using internal-coordinate dis-
placements sizes of £0.005 A or £0.01 rad. For F,O the
DZP CCSD(T) quartic force field was evaluated with the
aid of carefully constructed higher-order difference formu-
las'® using analytic gradient data computed for 10 single
and 8 double internal-coordinate displacements. The accu-
racy of this approach has been demonstrated previously in
computational studies involving RHF and CISD anhar-
monic force fields of several small polyatomic mole-
cules.'"!2 For the linear N,O molecule, 10 single, 12 dou-
ble, and 2 triple internal-coordinate displacements!®

sufficed to determine the complete quartic force fields at

the CCSD and CCSD(T) levels of theory from energy
points computed to high precision (107'° a.u. or better).
The step sizes employed to generate the grid of energy and
gradient data for F,0 and N,O were 0.01 A and 0.02 rad.

The nonlinear transformation equations of Sec. ITI B
were 1mp1emented to fourth order in the program
INTDER,® which performs both forward and backward
transformations among internal- and Cartesian-coordinate
force constants and thus provides for the representation of
a given force field in any alternate coordinate set. The
Cartesian projection scheme detailed in Sec. III D and Ap-
pendixes A—~C was also coded in INTDER. Results for the
projected Cartesian derivatives were tested by first trans-
forming selected Cartesian force fields at nonstationary
points to arbitrary internal coordinate representations
while neglecting the Cartesian gradients and then trans-
forming the internal derivatives back to the Cartesian
space. Such sequential transformations effectively elimi-
nate the rotationally variant parts of the Cartesian force
field arising when the Cartesian gradients are discarded,
thus constituting a circuitous route to the force constants
given directly by the Cartesian projection scheme. Most
quartic force fields were also transformed to reduced nor-
mal coordinate representations, after which vibrational an-
harmonic constants (y; J) and vibration-rotation interac-
tion constants (a?) were determined using formulas!®!
derived from second-order perturbation theory as applied
to the standard vibration—rotation Hamiltonian®”!°1-1%* for
semirigid molecules. The utility of such vibrational analy-
ses has been investigated extensively in the systematic stud-
ies of vibrational anharmonicity in linear and asymmetric
top molecules by Allen and co-workers.!!"2

V. CASE STUDIES
A. Diatomic molecules—N, and F,

In Sec. ITI C theoretical considerations were presented
concerning the choice of internal coordinates used to ob-

2999

TABLE VI. Analytic results for the expansion coefficients in the diatomic
shift term.?

Shift coordinate

r 3 p w v
[ 1 1 1 1 1
Crr 0 —r! —2r;! —B 0
Crrr 0 re_ 2 6. re_ 2 B ? - 2a2
Crrr 0 re_ 3 - 24":3 _Bs 0

#See Eq. (69) of the text.

tain the shifted potential energy surface in Eq. (3). It is
instructive to briefly revisit the N, and F, paradigms in
order to clarify the issues of relevance. As shown in Eq.
(47), the degree of curvilinearity in the internal coordi-
nates, which governs the magnitude of the D;;..; vectors,

has important ramifications concerning the eﬁ‘ect of the

. shift term on higher-order derivatives. To investigate this

effect, five coordinates (&) are considered here for the
shift term: the simple bond distance », the Simons-Parr—
Finlan coordinate p={r—r,)/r, the Morse coordinate
w=1—exp[—B(r—r,)], and two alternative coordinates
E=exp(p)—1and v=tan“1[a(r—re)]. The Cartesian pro-
jection scheme is equivalent to the selection of simple bond
distances for the shift term in the case of diatomic mole-
cules. The shift contribution for each of the coordinates of
concern can be expanded about 7, to provide a power series
representation of the shifted potential energy curve in
terms of the bond distance » and the corresponding gradi-

ent f,:

VHNBR) =V (1) — £ er—r) 45 (r=1)?

+%"(r )3+ ""(r re)t
=f:~’f(r-re>2+ﬁ’( —r)?
+ﬁ”’( —r)*+ (69)

In Table VI analytic results are given for the ¢, ¢,, ¢,,, and
Cpyy coeflicients. In Table VII numerical values for the
modified force constants /%, /¥ and f*  are listed along
with associated spectroscopic constants for N, and F, for
the various choices of the shift coordinate. The 3 parame-
ters appearing in the Morse coordinate were determined
from the experimental f,, and D, values according to
B=[/./(2D, )]1/2, hence, B(N,)=2.6884 and B(F,)
=2.9749 A~1105

The equilibrium bond lengths of diatomic molecules
are typically predicted to be too short at the RHF level of
theory, which means that the first derivative f,in Eq. (69)
is generally positive at the exact equilibrium bond length 7,
As indicated by the analytic results in Table VI, if the
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TABLE VII. Force constants and spectroscopic constants for the DZP RHF shifted potential-energy curves

of N, and F,.*

Shift coordinate

r £ P w v(a=1) v(a=10) Expt.’
N,
fE 27.398 27.791 28.184 28.558 27.398 27.398 22.94
fE, —183.30 —183.65 —185.45 —186.42 —182.43 —96.99 —169.6
o 1037.0 1036.7 1044.8 1045.4 1037.0 1037.0 997.6
o, 2577.1 2595.6 2613.8 2631.1 2577.1 2577.1 2358.6
WX, 11.06 10.68 710.56 10.36 10.85 —5.11 14.32
o, 13.46 13.09 12.90 12.64 13.35 2.74 17.32
F,
S 5.365 5.745 6.125 6.961 5.365 5.365 4.703
IE, —36.18 —36.45 . =37.79 —40.93 . —35.11 71.12 —36.39
JE, 194.94 194.75 199.52 209.07 194.94 194.94
@, 979.1 1013.2 1046.1 1115.2 979.1 979.1 916.6
WX, 8.75 7.36 6.85 6.12 777 56.9 11.24
a, 10.56 9.32 8.65 7.53 10.10 —3.52 13.85

2See Eq. (69) and the associated text. The reference bond lengths are the expenmental r, values appearing
in Table I. The force constants correspond to energies in aJ and distances in A; the w, and w.x, values are

~1

m—!

in cm™!, and the a, values are in 10-3
bReferences 21-23. -

coordinates p and w are utilized, the effect of the shift term
is then to increase the magnitudes of the f,, f,,, and f,..,
constants. If £ is used instead, the magnitudes of f,, and
[y are increased but that of f,,,, is decreased. Finally, the
shift coordinate » has the intriguing property that the even-
order force constants are not altered while the magnitudes
of odd-order force constants are concomitantly reduced.
Recognizing that representative ranges of 7, and 3 are 1.0~
2.5 A and 2-3 A~!, respectively, the results in Table VI
also reveal that for p and w there is a numerical aggran-
dizement of the shift-term contribution to the force con-
stants as one proceeds to higher order if aJ A~" units are
used. In the case of coordinate v, a similar effect is seen for
the odd-order force constants. In contrast, for § the shift-
term effect decreases numerically as the order of the deriv-
ative is increased. Perhaps the most salient result in Table
VI is that for coordinates w and v the effect of the shift
term can be made arbitrarily large by increasing the mag-
nitude of the parameters 8 and a, which enhances the cur-
vilinearity of the shift coordinate and gives rise to anoma-
lously large D; ; _; vectors in Eq. (47).

The numerical results in Table VII reveal substantial
variations in the energy derivatives and spectroscopic con-
stants derived from the various choices of shift coordinate.
For N, and F, the original DZP RHF f,, derivatives at the
experimental geometry are too large in magnitude, and
thus by shifting these quantities to larger values, the p, &,
and w choices diminish the agreement with experiment.
The Morse coordinate is the most extreme in this regard,
as , is shifted from 2577 to 2631 cm™! for N, and from
979 to 1115 cm™! for F,. On the other hand, the shifts in
o, for the £ coordinate are much less significant. The same
trends are observed for the anharmonic constants of the
two molecules, i.e., the agreement with experiment be-

comes successively poorer as the shift coordinate is chosen
in the series #—£— p—w. Particularly striking is the fact
that in going from r—w the errors in wx, and «, for F,
increase from 22% to 46% and 24% to 46%, respectively.
The data listed in Table VII also include two columns
obtained from different choices of the coordinate v, one in
which the parameter a=1 A~! and the other in which
a=10 A~L It is noteworthy that in the first case the ac-
curacy of the predicted constants is generally better than
that for elther p, &, or w. However, by increasing param-
eter a to 10 A~Y, unphysical values of f,,, ox, and a,
result merely as a consequence of the high curvilinearity of

‘the shift coordinate. For example, for F, it is found that

Frr=T112 al A=3, @,=—3.52x107% cm™!, and oz,
=56.9 cm™, the first two constants being of the wrong
sign and the last value a factor of five too large! In sum-
mary, the data presented in this section show that the qual-
ity of the theoretical force constants is not improved by
choosing variants of the simple bond-distance coordinate »
for the shift term. Indeed, substantial deterioration of the
predictions may be engendered if the curvilinearity of the
shift coordinate is large.

B. F,0

It is well known that electron correlation is unusually
important in describing molecules with O-F bonds, 106112
as indicated by the severe underestimation of equilibrium
O-F distances typically observed in applying Hartree—
Fock theory. For such molecules substantial improvements
in predictions of force fields at the RHF level are thus
anticipated by shifting the reference geometry to a nonsta-
tionary point. Indeed, as shown in this subsection, the ox-
ygen difluoride molecule constitutes a remarkable example
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TABLE VIII. Theoretical predictions of the quartic force field of F,0.?
DZP RHF//DZP RHF DZP RHF//expt DZP CCSD(T)//expt®

Derivative E, 14 E, 4 perol E, V prproi Expt.©
R [—125.35] 0.000 [—113.27] 0.4558 0000  [—113.62] —0.1018 0.000
6 [—35.01] 0.000 [—33.40] 0.0369 0.000 [—33.44] 0.0002 0.000
RR [—147.04] 7.510 [—128.66] 4.826 4.848  [—128.95] 4.537 4.530 4.1045
RR' [—31.49] 0.840 [—27.36] 0.614 0.591 [—27.17] 0.802 0.809 0.8595
RO [—12.67] 0.380 [—11.64] 0.232 0.219 [—11.66] 0.209 0.209 0.2209
608 [—47.77] 2.055 [—45.93] 1.663 1.984 [—46.09] 1.498 1.427 1.4709
RRR [262.95] —46.495 [223.15] —31.344 —31.368 [222.92] —31.570 -31.56 —29.256
RRR' [34.16] —1.979 [28.33] —1.450 —1.442 [28.12] —1.667 —1.670 —2.096
RRE [—11.01] —1.917 [—9.29] —1.389 —1.390 [—9.27] —1.367 —1.364 —1.501
RR'0 [27.67] —0.880 [24.29] —0.463 —0.461 [24.33] —0.424 —0.427 —0.462
R60 [15.19] —3.381 [14.28] —2.613 —2.499 [14.08] —2.812 —2.840 —2.6843
666 [71.97] —4.528 [69.75] —3.428 —3.418 [69.62] ©  —3.554 —3.554 —3.5837
RRRR [—625.30] 262.20 [~525.77] 169.38 169.41 [—521.45] 173.7(22) 173.6 187.97
RRRR' [—18.11] 16.99 [—16.33] 11.16 11.16 [—23.89] 3.6(5) 3.6
RRRG [57.62] 5.38 [47.48] 4.28 4.29 [47.20] 4.0(2) 4.0
RRR'R’ [—79.84] —17.18 [—61.77] —4.68 —4.69 [—55.39] 1.7(9) 1.7
RRR'G [—27.81] 4.11 [—23.93] 2.43 2.43 [—23.61] 2.75(6) 2.76
RRO6 [37.43] 5.80 [31.88] 4.38 4.33 [31.10] 3.6(2) 3.7 (4.60)
RR'66 [—51.59] 7.72 [—45.77) 5.71 5.76 [—44.88] 6.6(2) 6.6 eee
R669 [—18.79] 9.72 [—18.63] 7.34 7.34 [—18.49] 7.48(1) 7.48
6668 [—155.90] 20.23 [—152.98] 15.65 15.57 [—159.93] 16.20(1) 16.22 (16.10)

"Derivatives of the electronic energy E, are given in brackets along with the derivatives of the total energy V. The column headings are denoted as
(method)//(geometry). The entries under ¥P™ are constants obtained from the complete quartic force field by application of the Cartesian projection
scheme described i in the text. Units are consistent with energy in aJ, distances in A, and angles in radians. The experimental geometry is the r, structure

R(O—F) =1.4087 A and 6(F-O-F)=103.32".

®Numerical uncertainties arising in the quartic force constants at the DZP CCSD(T) level are given in parentheses
See Ref. 118. Values in parentheses were constrained to the ab initio results of Ref. 13.

in which higher-order force constants determined using
highly correlated methods are essentially reproduced by
RHF predictions at shifted geometries.

Microwave studies by Pierce, DiCianni, and Jackson!!?
in 1963 and by Morino and Saito''* in 1966 of F,O in
several low-lying vibrational states established the #,, r,
and r, structures of this C,,-symmetry molecule; in partic-
ular, R,(O-F)=1.4053 A and 6,(F-O-F)=103.07"!"
Early low-resolution infrared work!1 has largely been sup-
planted by recent high-resolution IR studies!'%'\7 of the v,,
vy, and 2v, bands, the latter two of which are involved in a
strong Fermi resonance. The fundamental vibrational fre-
quencies of F,O are currently accepted as v,(a;)=928.1
cm™L v,(a;) =460.6 cm™!, and v3(b,) =831 cm™ 1116117
The most recent experimental analysis of the vibrational
spectrum and potential energy surface of F,O was per-
formed by Saarinen, Kauppi, and Halonen!'!® in 1990, in
which a partial quartic force field was obtained. In a 1988
paper by Thiel ez al!® the first state-of-the-art ab initio
investigation of the anharmonic force field of F,0 was re-
ported. Therein the TZP RHF level of theory was shown
to yield R, (O-F)=1.3428 A (a 0.06 A underestimation),
whereas the analogous length at the TZP CCSD level was
found to be 1.4085 A (within 0.004 A of experiment).
Consequently, the most reliable force field obtained by
Thiel ez al. involved a mixture of TZP CCSD quadratic
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and cubic force constants with TZP RHF quartic constants
determined at the TZP CCSD geometry. In the present
analysis the force field of Thiel er al. is improved by deter-
mining a full quartic force field at the DZP CCSD(T) level
using the experimental structure!'* R,(O-F)=1.4087 A
and 6,(F-O-F)=103.32° as the reference geometry. In
brief, not only is the accuracy of RHF predictions at non-
stationary reference geometries investigated, but also cor-
related force fields of F,O of the highest quality yet deter-
mined are presented, providing data on anharmonic force
constants not readily determined in parallel experimental
efforts.

In Table VIII three separate predictions of the quartic
force field of F,O are tabulated, as expressed in terms of
the valence bond distances R(O-F) and R’(O-F) and the
valence bond angle 6(F-O-F). The first set of data (DZP
RHF//DZP RHF) is comprised of DZP RHF derivatives
computed at the corresponding optimum geometry, viz.,
R,(O-F)=1.3416 A and 6,(F-O-F)=103.43"!% In the
second set of predictions (DZP RHF//expt), the DZP
RHEF level of theory is used to evaluate the force constants
at the experimental ry structure. These constants are to be
compared with the third set of predictions (DZP
CCSD(T)//expt) determined at the same experimental
geometry with the highly correlated CCSD(T) method.
For each theoretical procedure the derivatives of the elec-

r (%E)?/ %ht, see http://jcp.aip.org/jcp/copyright.jsp
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tronic energy E, (in brackets) and the derivatives of the
total energy ¥V are tabulated, the electronic energy being
related rather simply in atomic units to the total energy as

R,R',0)=E,(R,R’,6 2.n
V( AN )_ e( PEASPY )+7{+F

81
+(R2+R’2—2RR’ cos 6)12"

(70)

For the two procedures involving nonstationary reference
geometries, additional sets of derivatives (VP are listed
in Table VIII as given by the Cartesian projection scheme
of Sec. III D followed by a curvilinear transformation of
the projected Cartesian force constants into the internal
coordinate representation. Note that the projected first de-
rivatives are rigorously zero by construction but that the
higher-order V*™ constants are quite similar to the corre-
sponding V derivatives, the significance of which is dis-
cussed below. Experimentally derived force constants,
where known, also appear in the table.

The results in Table VIII demonstrate in a vivid
fashion that most of the *“correlation error” in the DZP
RHF//DZP RHEF derivatives is, in fact, a consequence of
the geometry shift. If the change in the derivatives of the
total energy V in going from DZP RHF//DZP RHF to
DZP CCSD(T)//expt is considered to be the “correlation
contribution” to the force constants, then in the case of
fRR’ fRRR’ and fRRRR’ 90.3%, 101.5%, and 104.9% of
this contribution, respectively, is recovered merely by shift-
ing the reference geometry of the RHF analysis to a non-
stationary point. Perhaps even more striking is the fact that
this degree of improvement is not restricted to the bond
stretching derivatives of V alone, even though the geome-
try shift is primarily an O-F bond length expansion with
little change in the F-O-F angle. For example, the percent
of the “correlation contribution” to fype [fgse and fggee
recovered by shifting the reference geometry is 70.4%,
112.9%, and 113.6%, respectively. Similarly, in the case of
the fra frro and frpge series these percentages are found
to be 86.6%, 96.0%, and 79.7%, respectively. The only
total energy derivatives at the DZP CCSD(T) level which
are not well reproduced by the DZP RHF//expt proce-
dure are the three off-diagonal stretching constants fzg,
Srrrrts and  frpregrr- Finally, in comparing the
DZP CCSD(T) force constants at the shifted geometry
with those values which are known experimentally, it is
seen that the agreement is excellent, and hence the entire
force field at this level of theory must be considered very
reliable.

For every force constant in Table VIII, the magnitude
of the electronic energy derivative is immense in compari-
son to that of the total energy derivative, once again illus-
trating the delicate cancellation of E, and Vy terms dis-
cussed in Sec. 1. In the DZP RHF//expt case, the ratios
E/Vi, E/ Vi, E/VY, and E.'"'/Vy'* for the diagonal
stretching constants are —0.996, —0.964, —0.877, and
—0.756, respectively, which is in accord with the observa-
tion made previously for N, and F, that the V) terms
become increasingly dominant in higher order. The trend

W. Allen and A. Csészér: Higher-order force constants

TABLE IX. DZP RHF force constants of F,0 in dimensionless normal
coordinates determined at the experimental geometry by various proce-
dures.”

Shift term in internal coordinates® Cartesian

S — - projection
Parameter (2 stre, 1 bend)® (3 stre)® (1 stre, 2 bend)®  scheme

N 991.95 995.43 1041.41 1010.54
W, 496.67 498.75 519.70 533.31

w3 962.33 960.65 938.93 967.50
bt —229.5 —-228.1 —210.6 —220.5
b —48.3 —49.8 —65.2 —57.4

$omn —18.4 —18.6 —22.5 —224 -
$a2 —85.1 —85.5 —91.3 —82.4
b33 —276.4 —276.0 —270.1 —268.8
b33 —55.2 —57.6 —85.6 _—741
b 35.1 344 27.0 30.7
bt 22.8 23.0 24.5 23.7
b1 —32 -2.9 1.2 —0.3
G 7.3 7.1 5.5 5.7
baa 19.6 19.7 20.8 18.5
aan1 68.4 68.2 64.6 65.4
a1 16.4 17.1 23.9 20.7
G112 —13.6 —132 —82 —9.8
3333 43.9 4.1 45.8 43.6

2All values in cm™!. Geometry: Ry (O-F)=1.4087 A and 6,(F-O-F)
=103.32° (Ref. 114). The positive phases of normal coordinates 1 and 2
are selected to correspond to increasing O-F bond lengths and an in-
creasing F-O-F bond angle, respectively.

5The internal coordinates are defined assuming the numbering of the
atoms is F,-O-F;.

€A valence internal coordinate set comprised of the two bond distances
R(1-2) and R(1-3) and the bond angle 8(2-1-3).

9A set comprised of the three internuclear distances R(1-2), R(1-3), and
R(2-3).

“Comprised of the internuclear distance R(2-3) and the angles 6(1-2--3)
and 0(1-3-2).

for the diagonal bending constants is similar but less pro-
nounced, the corresponding ratios being -—0.999, —0.965,
—0.953, and —0.869. In brief, it is clear that the balance of
E,and Vy terms is a key issue not only in the evaluation of
stretching force contants but also in the prediction of di-
agonal and off-diagonal constants involving the bending
coordinate. In this regard it is remarkable that there is an
essential reproduction of the DZP CCSD(T) electronic
energy derivatives at the experimental geometry by the
DZP RHF wave functions for all cases except the quartic
RRRR’ and RRR'R’ constants. The mean absolute per-
centage error in the DZP RHF//expt values of E is only
0.36%, and that for E." only 0.47%. Excluding the two
aforementioned spurious quartic constants, the corre-
sponding error for E,’’’ is a mere 1.77%.

With the success of the DZP RHF//expt predictions
in Table VIII, a careful investigation of the coordinate
dependence of the resulting shifted potential energy sur-
faces is necessitated. In Table IX DZP RHF//expt quartic
force fields in dimensionless normal coordinates are pre-
sented as obtained by four different procedures. In the first
set of results (2 stre, 1 bend), the shift term is applied
using the standard valence internal coordinate set (R, R’,
0), whereas the second (3 stre) and third (1 stre, 2 bend)
sets involve alternate choices of the shift coordinates (see
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TABLE X. DZP RHF fundamental vibrational frequencies (v;), total
anharmonicities (A,), vibration-rotation interaction constants (af), and
vibrational anharmonic constants (y;;) of F,O determined at the experi-
mental geometry by various procedures.”

Shift term in internal coordinates Cartesian
projection
Parameter (2 stre, 1 bend) (3 stre) (1 stre, 2 bend) scheme
v 975.26 978.77 1024.84 993.89
v, 490.32 492.37 512.70 527.24
vy 940.32 938.64 916.71 945.93
Ay —16.69 —16.66 —16.57 —16.09
A, —6.35 —6.38 —7.00° —6.07
A, —22.01 —22.01 —22.22 —21.57
af 0.535 0.864 4231 1.835
af —22.564 —22.254 —19.113 —20.922
of 19.623 9.129 13.948 14.044
af 2.356 2.359 2.383 2271
af 2.581 2.614 2.982 2.723
af 3.522 3.527 3.634 3.259
af 1.122 1.135 3.147 1.103
af 1.781 1.809 0.231 1.905
af 2.456 2.451 2.438 2.161
Xu —3.906 —3.893 —3.740 —3.835
Xz —4.274 —4.274 —4.278 —3.985
X2z —0.344 —-0.346 —0.436 T —0.240
X3 —13.465 —13.480 —13.891 —12.853
X3 —7.040 —7.107 —17.977 —7.206
X33 —5.879 —5.857 —5.641 —5.771

21A11 values in cm ™! except the af constants, which are in 10~ cm™ !, For
a description of the different procedures see footnotes a—e of Table IX. In
all schemes the 2w, —w; Fermi resonance term has been excluded in the
perturbation theory analysis.

footnotes b—e of Table IX). The last column in the table
reports force constants obtained via the Cartesian projec-
tion scheme.!!® The variations in the sets of data in Table
IX are significant but not blatant. The ranges of variation
in the w,, ®,, and o; values are 4.9%, 6.9%, and 3.0%,
respectively, of the harmonic frequencies given by the Car-
tesian projection scheme. Such variations represent size-
able fractions of the respective errors in these harmonic
frequencies as compared to experiment (see Table XI),
viz., 6.9%, 13.7%, and 14.6%. On a relative basis the
ranges of variation in the ¢, and ¢;;, constants are much
larger; for example, the ¢111, $211, b1, P222s $331, and 33,
ranges are 7.9%, 29.4%, 18.3%, 10.8%, 2.8%, and 41.0%,
respectively, of the corresponding Cartesian projection val-
ues. It must be realized that some of these changes in the
¢ and ¢, values arise from variations in the underlying
w; values, because the definition of the dimensionless nor-
mal coordinate on which these cubic and quartic constants
are based involves a normalization factor of »}/% However,
this effect only partially accounts for the observed trends
and in some cases actually increases the range of values
observed. .

In Table X spectroscopic constants are given which
arise from the various normal coordinate force constants in
Table IX according to second-order perturbation theory.
In an absolute sense it is seen that the anharmonic con-
stants y;; and the total anharmonicities A; are reasonably
insensitive to changes in the shift term. In support of this
characterization of the data is the observation that none of

3003

the variations among the total anharmonicities is greater
than 1 cm™!. The variations in the vibration-rotation in-
teraction constants in Table X are much greater, however,

. particularly for a‘f, af, ag’, alc, and a;,:c. The sensitivity of

these constants to the shift term is disturbing in that the
observed changes are at least as large as the errors expected
a priori of DZP RHF af values (on the order of 10%) Jnez
While caution is thus dictated as to the effect of sundry
shift terms on higher-order force constants, much of the
fluctuation in the af values may be related once again to
changes in the associated w, frequencies. For example, with
regard to the anomalous alc entry for (1 stre, 2 bend), the
associated w,—w; difference is at least twice as large as in
the other cases, and the Coriolis contribution to af involv-
ing a @, —w; resonance denominator is known to make this
constant very sensitive to the level of theory.'* In sum-
mary, the data in Tables IX and X clearly establish the
shift-term dependence of spectroscopic constants predicted
at nonstationary geometries, and while in most cases this
dependence is not pernicious, the merits of an unambigu-
ous shift procedure are clear.

In surveying the results in Tables IX and X, the.con-
clusion arises that the valence (2 stre, 1 bend) set of shift
coordinates is slightly better than (3 stre) and significantly
better than (1 stre, 2 bend) in reproducing experiment, a
fact not surprising to aficionados of vibrational analyses in
internal coordinates. Comparing the various harmonic vi-
brational frequencies in Table IX to the experimental val-
ues o(a;) =945 cm™}, w,(a;) =469 cm™}, and @3(by)
=844 cm_l,118 the (2 stre, 1 bend) and (3 stre) sets
appear essentially indistinguishable in accuracy, whereas
the corresponding (1 stre, 2 bend) predictions are quite
erratic in that the accuracy of w, and w, is deteriorated
while the w; value is significantly improved. Instructive
comparisons can also be made for the vibration-rotation
interaction constants in Table X, specifically, af, o, o,
and alc, whose experimental values (in 1073 cm™!) are
1.286, —23.316, 19.514, and 0.239, respectively.'’* The
predictions for the (2 stre, 1 bend) case are in the very
least reasonable in an absolute sense in all four instances;
however, a’f is anomalous in the (3 stre) case, and both a‘f
and af are spurious for (1 stre, 2 bend). It would be
important to be able to judge a priori if a particular set of
internal coordinates will give rise to anomalous spectro-
scopic constants. As discussed in Sec. III C, a diagnostic
for this purpose is provided by the determinant of the nor-
malized BIBT matrix. For the (2 stre, 1 bend), (3 stre),
and (1 stre, 2 bend) sets of shift coordinates, the determi-
nants in question are 0.75, 0.64, and 0.78, respectively, so
that there are no near redundancies and no clear distinc-
tions between the three choices on this basis.

Having investigated the shift-term dependence of the
DZP RHF//expt results for F,O, a strong argument can
be presented for the use of the Cartesian projection scheme.
First, the cubic and quartic ¥** constants in Table VIII
are in all cases almost identical to the analogous total en-
ergy derivatives obtained using the best set of internal shift
coordinates (2 stre, 1 bend). Similar agreement is seen for
all quadratic constants in the DZP CCSD(T)//expt case,
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Downloaded 19 May 2006 to 157.181.190.84. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



3004 W. Allen and A. Csészar: Higher-order force constants

TABLE XI. Complete quartic force fields of F,0 in dimensionless normal coordinates determined from various projected DZP Cartesian force fields.?

Anharmonic: RHF//RHF RHF//RHF® RHF//expt* CCSD(T)//expt

Harmonic: RHF//RHF CCSD(T)//expt CCSD(T)//expt CCSD(T)//expt Expt.?
o 1211.52 [976.50] [976.50] 976.50 944.93
@, 586.64 [463.05] [463.05] 463.05 469.22
@y 1211.61 [904.57] [904.57] 904.57 843.86
i —240.5 —347.1 —235.5(—240.4Y ~ —247.2 —247.4
on —52.4 —65.4 —45.3(—39.6) —417 —48.4
. —13.0 —247 —15.3(—19.8) —174 —19.4
b —91.8 —127.8 —92.0(—94.3) —97.3 —97.6
b1 —301.7 —441.9 —296.0(~296.1) —295.9 —288.4
b33z —37.0 —81.3 —51.7(—52.1) —52.0 —63.4
$1n 35.8 56.0 J37.5(38.1) 352

F - 23.0 36.1 22.8(22.4) 22.6

S —49 —6.5 —5.0(—5.0) —55

- 7.5 11.1 8.7(9.4) 9.6

T 214 27.4 22.8(20.9) 21.8

$a3n 71.0 116.9 74.6(74.5) 73.3

Gu31 12.1 22.0 15.1(15.2) 15.9

3322 —16.3 —24.3 —16.7(—16.5) —19.2

- 2.4 78.6 49.9(49.9) 81.4

3A11 values in ecm ™~
F-O-F bond angle, respectively.

The positive phases of normal coordinates 1 and 2 were selected to correspond to increasing O-F bond lengths and an increasing

The RHF cubic and quartic force constants were first combined with CCSD(T)//expt first and second derivatives in the (2 stre, 1 bend) representation.
The combined nonstationary force field was then transformed into the Cartesian space and projected as described in the text before the normal-

coordinate force constants were computed.

°The values in parentheses were obtained by combmmg the RHE//expt third- and fourth-order projected Cartesian derivatives directly with the

CCSD(T)//expt pro_]ected Cartesian harmonic force field.
dReference 118.

and only for f g, is there any significant modification of the
original DZP RHF//expt second derivatives in arriving at
the pPoi predictions. Thus, the effect of the projection
scheme on the total energy derivatives expressed in a
chemically relevant set of internal coordinates is greatest in
first order and then falls off precipitously in higher order, a
gratifying observation. Second, of the total reduction of the
harmonic frequencies in going from DZP RHF//DZP
RHF to DZP RHF//expt (2 stre, 1 bend), most is ob-
tained via Cartesian projection of the DZP RHF//expt
force constants. Note that for @, and w;, 201 and 244 cm ™!
out of the 220 and 250 cm ! shifts, respectively, are recov-
ered by the Cartesian projection method. Third, the repro-
duction of the (2 stre, 1 bend) ¢4, b a?, A, and Xij
constants in Tables IX and X is generally good, and, in
fact, excellent in all but a few cases. Finally, and most
importantly, the Cartesian projection scheme is unambig-
uous and averts spurious shift term effects which might
arise from high curvilinearity or near redundance of the
shift coordinate system.

In Table XI data are presented which illustrate the
recommended procedure for obtaining accurate anhar-
monic force fields of small polyatomic molecules which are
strongly bonded. In the third column of the table, the quar-
tic force field of F,0O in dimensionless normal coordinates
appears, as determined by appending projected DZP
RHF//expt Cartesian third and fourth derivatives to pro-
Jjected DZP CCSD(T)//expt Cartesian second derivatives
via two different schemes (see footnotes b and ¢ therein).

The agreement of the results obtained by both methods
with the actual, projected DZP CCSD(T)//expt ¢y and
&% constants is exceptional in all cases but ¢3333. The
disparity for this constant arises from the discrepancies
mentioned above in the RRRR’ and RRR'R’ derivatives in
Table VIII. The high accuracy of the DZP RHF//expt ¢,
and ¢, constants is mitigated somewhat if the corre-
sponding DZP RHF quadratic force field is used in the
transformation to dimensionless normal coordinates, pri-
marily because the P value for f is too large. Thus, it
seems advisable to uncouple the harmonic and anharmonic
components of the force field in performing such analyses.
Finally, a comment on the misleading accuracy of the DZP
RHF//DZP RHF results is apt. As shown in Table VIII,
a substantial overestimation occurs for almost all of the
internal coordinate derivatives obtained via the DZP
RHF//DZP RHF procedure. It happens that the error in
the quadratic constants balances the error in the cubic and
quartic constants to give a fortuitously good set of predic-
tions in Table XI. This effect is clearly exposed by using the
more accurate CCSD(T)//expt quadratic force field with
the RHF//RHF higher derivatives to obtain the ¢,; and
& data set, as shown in the second column of Table XI.
The severe overestimation of the magnitudes of those con-
stants”is striking, and the anharmonicities derived from
them are unreasonable. While a balance of errors may
work to improve the values of ¢, and ¢;;, constants de-
termined at poor reference geometries, to rely on such an
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effect to yield accurate results when a more viable option is
available cannot be recommended.

C.N,0

The rovibrational spectrum of the nitrous oxide mole-
cule has been the subject of numerous theoretical and ex-
perimental investigations.!?>"1*# Rotational /-type doubling
and the Fermi resonance between the v, and 2v, vibra-
tional states have been given particular attention in the
experimental efforts. Empirical anharmonic force fields,
even through sixth order, have been constructed for N,O
by various approaches: (a) numerical, algebraic contact
transformations;'?° (b) second-order perturbation the-
ory;'*! and (c) direct numerical diagonalization.m'123
Some of the higher-order constants in these force fields are
likely to be phenomenological in nature, i.e., not directly
correspondent with the associated derivatives of the poten-
tial energy surface. A synthesis of these results is encum-
bered by large variations in several of the empirical anhar-
monic ¢;; and ¢, force constants reported by Lacy and
Whiﬂ‘en,{22 Kobayashi and Suzuki,'*® and Teffo and Ché-
din.'* For example, the ranges of the deduced values (in
cm™!) for ¢y, $pa1s and P3qq; are —271.8 to —477.7, 38.7
to 106.4, and —82.6 to 5.7, respectively. Such variations
are maintained in internal-coordinate representations of
these force fields.

In a recent ab initio study, Allen and co-work-
ers'? found considerable disparities between both TZ2P
RHF//RHF and CISD//CISD force constants and their
experimental counterparts. The force constants of Teffo
and Chédin,'* which constitute the most recent empirical
force field, are in accord with theory in many cases, but the
constants involving the N-N bond stretch (r) and its cou-
pling to the N-O stretch(R) are generally in poor agree-
ment with the TZ2P RHF//RHF and CISD//CISD pre-
dictions. For example, the (RHF, CISD) sets of values for
Foen Fom and  fr,, are (—191.2, —161.1) aJ A3
(1074.1, 931.3) aJ A~% and (8.754, 5.699) aJ A~*, re-
spectively, as compared to the analogous experimental re-
sults of —133.6, 691.4, and 46.45. The optimum TZ2P
bond lengths underlying the ab initio predictions are r,(N—
N)=1.0815 and R,(N-0O)=1.1723 A at the RHF level
and r(N-N)=1.1073 and R, (N-0)=1.1809 A at the
CISD level, the spectroscopically determined distances be-
ing r,(N-N)=1.1273 and R,(N-O)=1.1851 A.'*® Be-
cause the underestimation of the N-N bond distance by
both the TZ2P RHF and CISD methods is substantial, a
redetermination of high-quality ab initio force fields at the
experimental 7, structure is warranted to address the dis-
crepancies present in the theoretical and empirical force
fields.

The issues pertinent to the practical determination of
spectroscopic constants at nonstationary reference geome-
tries were discussed at length in the F,O case study above.
Therefore, the analysis here is restricted to the force field
data represented in terms of the valence internal coordi-
nates {(N-N), R(N-0O), and 8(N-N-0O). The complete
quartic force fields predicted for N,O at several levels of
theory are given in Table XII. As shown therein, the DZP

3005

RHF diagonal constants for N-N stretching undergo large

" reductions in magnitude upon shifting the reference geom-

etry to the experimental structure, an occurrence mani-
fested in the 264 cm™! reduction in the ®; harmonic
stretching frequency. In each case these changes improve
the agreement with the experimental constants of Teffo and
Chédin.'?® The effects of the geometry shift on most of the
other DZP RHF force constants are quite insignificant.
Augmentation of the one-particle basis set to TZ(2d1f) in
the RHF predictions at the experimental 7, structure leads
to a further but less pronounced reduction in the size of the
diagonal force constants involving ». In contrast, for the
diagonal N-O stretching - constants and many of the
higher-order coupling constants, the DZP RHF//
expt—TZ(2d1f) RHF//expt changes are larger than the
effects of the geometry shift on the DZP RHF values, the
case of frpgr, being the most prominent in this regard.

Perhaps the most important characteristic of the data
in Table XII is the impressive agreement of the TZ(2d1f)
RHF//expt and CCSD(T)//expt values for the dominant
diagonal stretching constants. The percent differences in
the fom frm frRR 20 fRrRRR Predictions are only 4.5%,
3.6%, 5.3%, and 1.1%, respectively. The agreement for six
other higher-order constants, viz., fog, feor>» Srrr foorr
Sfoorr, and fggeg, must also be considered good. The re-
maining cubic and quartic constants involve coupling of
the bond stretches. In the fgg,, and frgr, cases, it is note-
worthy that the differences between the CCSD and
CCSD(T) predictions are sizeable in comparison with the
deficiencies in the RHF values. Therefore, as observed in
the F,O case, the small, higher-order bond-stretch cou-
pling constants are very sensitive to the treatment of elec-
tron correlation.

Finally, it is possible to assess the accuracy of the ex-
perimental force constants on the basis of the TZ(2d1f)
CCSD(T)//expt predictions in Table XII. As a point of
reference, note that the CCSD(T) quadratic force con-
stants represent only slight overestimations of the well-
established empirical values, as displayed in the corre-
sponding harmonic frequency predictions, which are only
1%-2% too large. The f,,, frrr» a0d frrrr values of
both Teffo and Chédin'® and Kobayashi and Suzuki'? are
supported by the theoretical results, although in the frgrr
case the 634.9 aJ A~* empirical value'”® may be slightly
too large. In contrast, both of the empirical values for f,,,,
appear to be over 100 aJ A~* too small, even though a
large fraction of the previous discrepancy'? with TZ2P
RHF//RHF and CISD//CISD predictions is clearly a
consequence of deficient theoretical reference geometries.
For the five third- and fourth-order stretch—stretch cou-
pling constants, the values of Teffo and Chédin'?® are
clearly preferred over those of Kobayashi and Suzuki,'?
but the lack of agreement with theory makes the precise
values suspect. For example, frpr,=—7.691 aJ A=t is
probably of the wrong sign, and fg,,=46.45 aJ A% ap-
pears to be too large by a factor of 4-5. The agreement of
all of the CCSD(T) force constants involving the N-N-O
angle with the results of Teffo and Chédin'?° is remarkable,
discrediting some of the analogous values of Ref. 123. It is
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TABLE XII. A4b initio total energy derivatives from first through fourth order for N,O.

Reference geometry: expt.® Expt.

DZP RHF// DZp TZ(2d1f) TZ(2d1f) TZ(2d1f)
Derivative® DZP RHF RHF RHF CCSD CCSD(T) Ref. 120 Ref. 123
r(N-N) 0.7499 1.0805 0.1696 —0.0840
R(N-0) e 0.0487 7 0.2896 “70.0228 —0.0545 e e
r 26.585 21.070 18.999 19.040 18.778 18.251 18.236
Rr 2.302 2.349 2.298 1.342 1.038 1.028 1.029
RR 11.704 11.824 10.195 11.964 12.374 11.960 11.966
66 0.813 0.759 0.799 - 0713 0.689 0.666 0.666
rrr : —188.8 —159.1 —148.7 —143.1 —142.2 —133.6 —132.4
Rrr 1.12 1.33 0.78 —2.04 —2.93 —6.872 —9.842
RRr —4.19 —3.88 —4.17 —1.46 —0.76 1.498 2.451
RRR —114.9 —116.4 —106.0 —102.3 —100.5 —98.83 —96.33
o6r —1.79 —1.85 —1.83 —1.69 —1.08 —1.580 —2.567
@6R —1.92 —1.79 —1.86 —1.58 —1.52 —1.537 —1.101
rrer 1027.9 847.6 803.6 828.9 833.0 691.4 674.7
Rrrr 6.08 8.42 12.64 9.30 - . 1048 46.45 65.61
RRrr 10.03 9.35 9.55 4.50 1.39 —3.485 8.771
RRRr —1.42 —0.57 4.43 10.75 18.77 —7.691 —20.76
RRRR 640.6 641.8 597.1 608.5 603.9 634.9 590.3
66rr —1.52 —1.55 —1.58 0.47 0.92 1.808 12.67
66Rr 4.35 4.32 4.83 4.24 4.09 5.105 7.222
66RR 1.94 1.83 1.82 2.24 2.43 1.491 —6.165
0660 _2.07 2.06 1.32 1.97 2.09 1.897 2.282
(o) 2589 2325 2184 2298 2318 2282.1 2281.7
() 668 637 653 617 . 607 596.3 596.5
w;(0) 1358 1350 1264 1315 1319 1298.3 1298.5
Energy —183.71576 —183.71293 —183.755 57 —184.386 04 . —184.42208 . .-

*Units are consistent with energy in aJ, distances in A, and angles in deg. The associated harmonic frequencies in cm ™" and total energies in hartree are
also listed. The coordinate 8 is the actual N-N-O angle and not the linear bending variable of Hoy, Mills, and Strey (Ref. 64).
Geometry from Ref. 120: 7,(N-N) =1.1273 & and R.(N-0)=1.1851 A. The harmonic frequencies listed at each level of theory were obtained by using

r(N-N) and R(N-Q) as shift coordinates.

hoped that the high-quality, state-of-the-art TZ(2d1f)
CCSD(T)//expt cubic and quartic force constants will as-
sist the continued refinement of the anharmonic force field
of N,O.

VI. RECOMMENDATIONS

The results of this investigation allow preliminary rec-
ommendations to be made concerning the ab initio predic-
tion of anharmonic force fields for strongly bonded molec-
ular systems. The treatment of weak intermolecular
interactions or large-amplitude vibrational motions in gen-
eral is a more intricate topic which is the subject of a
forthcoming paper;'*® such cases are precisely those which
are not amenable a priori to vibrational analyses based on
force field representations of the local potential energy sur-
face. The electronic energy and its derivatives through
fourth order are typically predicted by Hartree—Fock the-
ory at a given geometry to within a few percent in the
bonding regions of the potential energy surfaces for the
types of molecules considered here. The percent errors ap-
pear to be slowly varying functions of the internuclear dis-
tances, and there seems to be little correspondence between
percent error and order of derivative. The cancellations of
the lower-order derivatives of the electronic energy occur-
ring when the nuclear repulsion terms are appended are
almost complete, thus making the precise determination of
first and second derivatives of the total energy problematic.

In contrast, in higher orders the loss of numerical signifi-
cance in the total energy derivatives is diminished because
the nuclear repulsion terms become increasingly dominant.

‘Consequently, higher-order derivatives can be predicted to

high relative accuracy even by modest levels of theory. The
associated caveat is that these derivatives are rapidly vary-
ing functions of the internuclear distances, and if the ref-
erence geometry is not precisely known, the numerical ad-
vantage in their evaluation is lost.

It is recommended that in ab initio predictions of an-
harmonic molecular force fields the most accurate refer-
ence geometry available be employed, even if it is not a
stationary point at the level of theory used to determine the
higher-order derivatives. If the use of an experimental r,
structure or an empirically corrected theoretical geometry
is not feasible or preferred, this recommendation entails the
augmentation of second derivatives given by a correlated
level of theory at the corresponding optimum geometry
with RHF third and fourth derivatives computed at the
same point. Of course, for small molecules it may be both
possible and preferable to determine a consistent and com-
plete anharmonic force field at a highly correlated level of
theory to achieve improved accuracy. Some correlated
electronic structure methods are inappropriate for the pro-
vision of the underlying structure and harmonic force field
because the imbalance of basis set and correlation errors
creates a propensity for the overestimation of bond lengths.
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Valence complete-active-space SCF (CASSCF) proce-
dures frequently employed for small molecules and second-
order Mgller—Plesset perturbation (MP2) theory as ap-
plied to multiply bonded species are examples of such
methods. For many systems CISD wave functions con-
structed with polarized basis sets of moderate size consti-
tute a counterexample, as basis set incompleteness and the
neglect of higher-order excitations tend to advantageously
cancel in geometric structure determinations. To base pre-
dictions of vibrational anharmonicities on RHF//RHF
quartic force fields is to rely on the sizeable overestimation
of harmonic frequencies to cancel the overestimation of the
magnitudes of the cubic and quartic force constants in the
evaluation of the y;; constants appearing in the vibrational
term value expansion. In many cases such cancellations
indeed occur, but deficiencies in RHF//RHF anharmonic
force fields can clearly be detected by substituting the as-
sociated RHF//RHF harmonic frequencies with corre-
lated values obtained at an improved reference structure in
the computation of the vibrational anharmonic constants.
The dominant diagonal stretching constants are those most
sensitive to geometric structure in an absolute sense, and
RHF predictions for these quantities at proper reference
geometries typically reproduce highly correlated predic-
tions extremely well. The RHF cubic and quartic force
constants involving bond-angle bends are also quite accu-
rate, but the values of the higher-order, stretch-stretch
coupling constants are difficult to pinpoint theoretically. In
the latter cases, predictions obtained using moderate treat-
ments of electron correlation may not be much more reli-
able.

It is important to understand the conceptual basis for
constructing anharmonic force fields from RHF higher de-
rivatives at a nonstationary point, viz., that a shift term is
being formally added to the RHF potential energy surface
to bring its equilibrium point into coincidence with the
reference structure. The predicted spectroscopic constants
from the RHF force field are not invariant to the choice of
the shift internal coordinate set. The variations in the pre-
dictions can be as large as the uncertainties expected @
priori for the given level of theory; nevertheless, standard
valence internal coordinate sets seem to give reliable results
if the Cartesian gradient is not too large and there are no
singularities in the coordinate set within the nuclear con-
figuration space of concern. The use of specially designed
coordinates such as Simons—Parr-Finlan or Morse vari-
ables is not recommended for the shift term because the
nature of the curvilinearity exhibited therein tends to
change the RHF stretching constants in the wrong direc-
tion. To circumvent ambiguities arising from the choice of
shift coordinates, the Cartesian projection formalism de-
tailed here is a viable alternative, particularly if large-
amplitude bending vibrations are absent. For strongly
bonded systems the results given by the Cartesian projec-
tion scheme appear to be only slightly different from those
obtained using chemically relevant sets of shift coordinates.
More extensive testing of this procedure is underway. In
conclusion, the use of nonstationary reference structures in
the determination of improved anharmonic molecular
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force fields shows much promise. The primary obstacles to
be overcome are the development of widespread under-
standing of the conceptual basis for performing vibrational
analyses at nonstationary points and the establishment of
standard procedures for dealing with the nonzero force
dilemma.
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APPENDIX A: HIGHER-ORDER PROJECTION
MATRICES

The essential results of Sec. III D are contained in Eqgs.
(62)—(64), where projected Cartesian force constants are
expressed in terms of their unprojected analogs trans-
formed via the projection matrices appearing in Eqs. (53)—
(56). The utility of these expressions is predicated on the
fact that at each order the projection matrices are indepen-
dent of the internal coordinate set {s,} selected in Eqgs.
(53)-(56), thus allowing the shift term in Eq. (57) to be
unambiguously defined. The challenge is then to derive
formulas for the projection matrices which only contain
derivatives of the external variables {r,} with respect to
the Cartesian coordinates of the system. The formalism in
Appendixes A and B is constructed for the general case of
nonlinear molecular reference configurations. The special
case of linear molecules is discussed in Appendix C.

In order to derive expressions of the desired form, it is
necessary to establish orthogonality conditions of various
degrees relating the Bf-’l i,...i, derivatives to quantities involv-
ing external variables alone. Let s, denote the internal co-
ordinates of a molecule for a given set of lab-fixed nuclear
position vectors, denoted collectively as x and individually
as x,. The level sets of composite Cartesian vectors r de-
termined by the condition s(r)=s, are comprised of the
collections of points {r,} satisfying

/11 O _3’6 /15
I (A)=—| 42 | +exp|| 4¢ 0 —A441|(x,—R),
A —As Ay O

where A consists of translational and rotational parame-
ters, (Ay, A5, 43) and (A4, 45, A¢), respectively, lying in the
domain (— o0,+ o ), and R is an arbitrary, fixed position
vector. Orthogonality conditions result from Eq. (Al) by
invoking a general theorem'*® involving multivariable
functions f(z): The gradient vector V f(z,) is orthogonal to
the tangent vector at z; of any smooth curve passing through
this point on the level set defined by f(z)= f,. In the cur-
rent context this theorem is applied to each internal coor-
dinate sp(r). The gradient vectors of concern are com-
prised simply of the quantities B"-l, whereas the elements

N71 of the 3N-dimensional tangent vectors are given by the

derivatives nZE(ara/a/l,,). Hence, the following first-
order orthogonality condition is revealed by the theorem
for all p and 7:
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3N

2 B (x)

J1

N (x)=0. (A2)

The individual tangent vectors n} given by Eq. (Al) at
A =0 yield

—¢€," ¢ for 7=1,2,3
N’le—_— €;_3° [eBIX (xal—R)] for 7=4,5,6, (A3)
assuming a notation used henceforth in which a,=37[j,
+2—mod{(j,—1,3)] is the nucleus to which Cartesian
coordinate x i refers, 3,=j,—3(a,—1) is the associated
component of X, and e, denotes the unit vector
(6,1:6,2,8,3)-

The first-order condition embodied in Eq. (A2) is
valid for all nuclear configurations x, as suggested by the
functional dependence indicated therein. Consequently, the
differentiation of Eq. (A2) with respect to Cartesian coor-
dinate x;, provides a second-order orthogonality condition

Y

3N N
;B{;lij;l[_*_ _/z B[J’]N?lsjzzo’ (A4)
1 1
in which
0 for =123
Njoy= 8a,a,8q-3" (€5 Xeg) for 71=4,5,6. (A3)

Finally, Eq. (A4) can be differentiated in turn to obtain a
third-order orthogonality condition of the form

iN
z'B.11.12.13 J1+2(B11!2 J1J3+B€113 1112) 0

(A6)

since all derivatives of N’}p A vanish. _
The tangent vector elements N’}l are closely related to
the first derivatives B’}l of the standard set of external dis-

placement coordinates. As shown in Appendix B, the ma-
trix relation

N=—ABu (AT)

holds when the rotational derivatives B’}l are evaluated at

the reference orientation of the molecule, wherein A is an
L X L matrix prescribed by

0 I (A8)

MI; 0
]:Nu—lNT,

u is the diagonal matrix mentioned in Sec. III A containing
triads of reciprocal atomic masses, M is the total molecular
mass, I; is the 3X 3 identity matrix, and I is the inertia
tensor computed in the molecule-fixed axis system. In ma-
trix form Eq. (A2) is merely NB1T=0, and thus Eqgs. (10)
and (11) follow trivially from Eq. (A7) because A is
nonsingular for nonlinear reference configurations. Despite
the isomorphism of Eqgs. (10) and (A2), the second-order
condition expressed in Eq. (A4) does not have an analog

involving B’I’ iy

--set, with terms containing I";

2 B . B 4 Z 0 (A9)
Jih2 .11

A 112
because N"P- represents (azrjl/a,l Ix ; o )o with r from Eq.
(A1) and not (8°r,/3x;x; )o-

An important consequence of Eqs. (A7) and (AS8) is
that A,=—N7 and

Q=A,B,=u’Bf (B,u’B])~'B,= —N7B,, (A10)

the matrix Q being the first-order projection matrix onto
the external space. Equation (A4) can thus be multiplied
by 4, and BZ and successively summed over p and 7 to

give

ZQJH ohh™ Z 011 _11]21 (A11)
where
L
= « 123830 By
L jiigin= %1"3’1,123’}3 Jy=Baya;(ep X eg,) - KPrbn,

(A12)

The form involving k%3832 in Eq. (Al12) assumes a
notation used henceforth in which t and k are three-
dimensional vectors containing the translational and rota-
tional variables, respectively, and superscripts on these
quantities denote derivatives with respect to a component 8
of the Cartesian vector for atom «. The result of Eq. (A11)
is very useful in replacing terms involving F,; ;, which is
defined by direct reference to a specific internal coordinate
Fyhds which depends only on
external variables. In an analogous fashion, Eq. (A6)
yields

ZQJN] ofihi ™ z (F"h!z Jiizhy +F"f1f3rflfzi1)’
(A13)

which later provides a key first step in the reduction of
Fojiiyis 10 quantities involving external variables alone.

The mathematical form for the first-order projection
matrix P=A B, is well known. Since Y in Eq. (14) is
equivalent to the 3N X 3N identity matrix Iy,

P=I;y—Q=I;+N’B,.

This equation can be simplified to a form involving deriv-
atives of t and k, namely,

(Al14)

5,
Po\B0,=0a10,58,8,— €8, 'sz g (Al5)
where
pIPr=t P KPr X (x4, —R). (A16)

If a canonical set {T‘,’,} of external displacement variables is
assumed, then u=1I3y in Egs. (12) and (13). The resulting
P° and Q° matrices are symmetric and satisfy the simplified
relation ' '

=BT[B,B7]~ !B, =I;y— Q°=I;,— N7 [NNT]~IN.
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The derivation of the expression for P,;;, begins by
noting that the first term in Eq. (54) is simply F,;; by
definition, whereas the second term satisfies

M
H oiyiy = P%z

3N
=- j}j: Pflilpfziz(F"-/']J'2+G"Jllz)
152

BP! Blpz

PPyl

(A17)

as a consequence of Eq. (25). Hence,
Poii,=Foii,+Hoij,
N

= z (811’1612'2
hh

iy Jz‘z)F”lll'z

E 111 Sl "!1!2 (A18)

As shown by Eq. (A14), the Kronecker & symbols in Eq.
(A18) can be replaced using §; ;, = P, + Qi and after

some rearrangement

llz

‘"1’2 2 ( Jz’fol"l+811"1szfz)F"f1fz_ j; P11’1P 12'2G‘711!'2
(A19)

is obtained. Because each Fm-l,-2 term in Eq. (A19) is ac-

companied by a factor involving a component of Q, Eqg.
(A11) can be invoked to provide P,,, b in terms of P(,,-1 and

G"'l' only. The resulting final form for Pf,,l,2

”‘liz" E ‘711 11 U E P11'1P12’2G"11!2 (A20)
Jia
where
ejliliz iy 2 !2'2 Jlfzil=PJ'1"1"2+P!'x"z"1'+"‘f1"1"2 ’

(A21)

and

3N
= = —a, - 3B
b= % leiljZQiljB =e€p, (k2P Xpal ). (A22)

To facilitate the evaluation of the second-order projection
matrix via Eq. (A20), it is useful to note that Eq. (27)
reduces to

G

gty = [ (X —R) Xeg ] - kOPr0Prmabn (A23)

The manipulations required to derive an appropriate
form for the third-order projection matrix Py i, proceed

in an analogous fashion to the Pg;;, case but are signifi-

cantly more involved. By employing Eq. (29) the follow-
ing result is obtained for the quantity H; ; ;, which com-

prises the third term in Eq. (55) for P;

11283

1hfy’

3
z AP]PQP3 oy Bp

0111213 iy

== E( 111 12'2'3 P!1’2H12'1’3+ Sl Jz’ ’2)
hi

X (F”j1j2+ ngljz) —

Z PJl 1P12’2P13‘3
Ji2J

X(Fajlj2j3+Gaj‘j2j3). (A24)
A useful modification of the second term in Egq. (55),
Lf"'1"z”3’ can be achieved via Eq. (25), viz.,

M

L0i1i2i3E 2 A (.BplBo2 +Bp1Bp2 +Blp1Bp2
13723

hh

= z( 111 12’2’3

Jih

11’2 Jafy ’3+ 11’3 Jaiy "2)

X (Fa'jljz"'Gojljz)' (A25)
These results can then be combined to provide an impor-
tant intermediate expression for Pa,-] by’

Poiiyiy=F giyiyiy+ Loiyiiy + Hai iy,

z (6/1 h 2’2 Jf3 Pll 1P12‘2P13’3)F"111213
Nid3

ZPPPG

el Ul Ul UV V) S
N3

+P; ;P

jzl 13

.z (P O 12’2’3

+P; i Prii)) (Fojjy+Goj ). (A26)

The first term in Eq. (A26), denoted as Soiyiiy can be
reduced as before by replacing each Kronecker § symbol

w1th the sum§; ; iy = Piiy + Oy hence
3N
S"il"z"f:" z (611'1512‘26!3’3 PJl 1P12'2PJ3’3) oihs
J1h2J3

z 0 Jiy !2’2Q13’3+ Jif 1Q12’2 Jf3
Nhajz

+ Qj 1 1612’2 J3i3 )F Of1hads (A27)

Subsequently all terms involving F oii

5, can be replaced
using Eq. (A13) to provide

.z F‘lez( Jify !2’3'2 P11’2612’3 1+P1'1isel'2"2"1

0'111213
+Qjii, L it + 25,0 1y100))- (A28)

Accordingly, Eq. (A26) can be written in the form
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3N
Poiyiyis=Toiyiiy + z Fojii P, (O iy = Pryiyiy)
11'2(612’3‘ Pj2i1i3) +P itz ( er‘z’ iziliz) 1
3N
+ 2 Foj (@i ity + i€ i) (A29)
Jii2
where

T iy = Z P;;P,. PG,

Tt bl sl ‘711/2!3
Jiiaja

.z( ik 1212'3

+P _]112 Jaly 13+lel3Pj21 12)Go‘_/ (A3O)

V2 *

By some means the F,;; terms in Eq. (A29) must be
eliminated, and the key observation for this purpose is that
N 7
O.ii,— Poiyiy = E iyt —Eaiyiy + jZ Q0/,9,ii,
1

+ ZP Py Gojjy - (A31)

Qi hi
12

Upon substitution of Eq. (A31) into Eq. (A29), it is found
after invoking Eq. (A11) that

P"ilizis aiyiy T z ‘712 !21113 !1’3613’ ’2+P11’2613 il
3N
!l'l 13’2’3)+ z 0 11’3 oy 1’2+P11'2A‘7!1‘1’3
N
+P111 ‘7!1’2’3) + 2 11 1 Jz’z 3’3(R‘711f2f3
Jihi3
3N
+R ahiyiy T ‘71311!2) + z ”11 Jllzizrfzis"x
+T 1800010 (A32)
where
3N
= A=, = Y= - (k92P ¢ k2B
Aai1i2i3—— ;lejz = Jjaiziy “-'-/21213)'—“’01l (k Xk )’
2
(A33)
(wail)n z cr_/z Jpiy? (A34)
and
3N
(A35)

Ra’ilizi3E ;Failjl 111213 z UJI jl iyiyiy
1

The reductions of Am-l,-z,-3 and R,;;; in Eqs. (A33) and
(A35) to the forms on the right sides therein, which con-
tain no reference to internal coordinates, proceed by ex-

pansion of Fojii, and G(,j1 A according to Egs. (26) and

(27) followed by substitutions arising from Eq. (A4). Fi-
nally, by defining

Mo 11, = 2 PojiL hivis 13'2"3 ’
(A36)
a final form for the third-order projection matrix is found:

Py = S e

J1hs

0'11!213 z Ulljz /21213

P i i iy (Rojyjpiy Roj iy T Rojajy)y

3N
0111213)+ Z 0 iy ‘711’2’3+P11’2M"11f1i3

3N
lel3M0'j[l‘lz) -+ z 011 Jllzizrizisil
T j11i9 pii)- (A37)

All qliantities appearing in this equation can be evaluated
from expressions involving external variables alone, viz.
Egs. (A12), (A15), (A16), (A20)-(A23), and (A33)-
(A35).

APPENDIX B: HIGHER-ORDER DERIVATIVES OF
EXTERNAL DISPLACEMENT VARIABLES

In Appendix A, Egs. (A15), (A20), and (A37) were
presented which allow the projection matrices Py;, Poijj
and Po;; i, respectively, to be determined solely from the
derivatives of the external displacement variables 7,. Thus,

~ the procedure for performing higher-order projections of

Cartesian force constants at nonstationary points is fully
specified upon the formulation of higher-order derivatives
of the 7, variables. A formalism for accomplishing this
task is detailed in this section.

The generalized external displacement variables spec-
ify the position and orientation of the molecule-fixed coor-

dinate system relative to the lab-fixed system. In particular,
mol

the Cartesian coordinates in the two frames, x™° and x,
respectively, are related by
x=R+ % (0,4,x)x™, (B1)

where vector R connects the origins of the two systems,
and % is a 3 X3 orthogonal matrix which may be consid-
ered a function of the three Euler angles of orientation 6, ¢,
and y. The % matrix in Eq. (B1) can alternatively be
represented as e®, where « is a 3 X3 antisymmetric matrix
containing three rotational parameters k= (k,,k,,k3); spe-
cifically,

0 —ks kK
k=| k3 0 —ky (B2)
- —kz kl 0

By selecting the translational variables t= (#,%,,#;) as the
components of R, the full parametric dependence of x on
the internal (s) and external () variables thus becomes

x(s,7) =t4e“x™(s). (B3)
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There are many choices of conditions which prescribe
the attachment of the molecule-fixed axes to the molecular
system, thus specifying x™ as a function of the internal
variables alone. The six Sayvetz conditions,’®* which are
also referred to as the Eckart conditions®® by many au-
thors, are the most widely used. The first three Sayvetz
conditions,

N N

D mxPl=Y mue~*(x,—t) =0, (B4)
a a

are satisfied trivially by selecting t as the position of the

center of mass, i.e.,
N

t=M""' 2 myX,, (B5)
[e4

where m, is the mass of nucleus @, and M is the total mass

of the system. The last three Sayvetz conditions,

N N ¢

D ma(a,Xx2% = 2 my[agXe “(x,—t)1=0,  (B6)

determine the values of the rotational variables. Implicit in
Eq. (B6) is the choice of an arbitrary, fixed reference ori-
entation of the molecule represented by the nuclear posi-
tion vectors a,, which are subject to the center-of-mass
condition

N
2 maa,=0. (B7)
a

As a consequence of Eq. (B7), the conditions which de-
termine the rotational parameters k become

N

> mg(agXye) =0, (B8)
a
in which
Yo=e"x,. (B9)

In analyses of molecular vibration—rotation dynamics, the
internal coordinates underlying the reference positions a,
usually correspond to the equilibrium geometry of the sys-
tem, but for convenience here, the a, vectors are chosen as
xIf— % to represent the nonstationary reference geometry
at which the unprojected Cartesian force field is computed.
Thus by construction the solution to Eq. (B8) at the ge-
ometry at which the t and k derivatives are to be deter-
mined is k=0, a fact greatly facilitating the evaluation of
these quantities.

The Sayvetz conditions define a canonical set of exter-
nal variables satisfying Eq. (10) only if all nuclear masses
are identical. However, the Cartesian projection formalism
presented above is valid for arbitrary choices of the {m,}
set. The mass dependence due to the specification of the
external variables by the Sayvetz conditions is contained
completely in the t and k derivatives occurring in Appen-
dix A, and thus is incorporated by the general formulas
presented below for arbitrary nuclear masses. It should be
recognized that the projected higher-order Cartesian force
constants are mass invariant for the triatomic systems in-

3011

vestigated here but do not possess this property in general.
Therefore, the spectroscopic constants derived from pro-
jected Cartesian force fields generated with mass-
dependent external variables may differ slightly from those
derived using canonical sets of external variables defined
for identical masses.

The first derivative of the translational variables in Eq.
(B5) with respect to Cartesian component 8 of nucleus /
(B=x, y, or z, and [=1,2,...,N) is simply given by

m;
tP= (—M—)eg s

where ez=(1,0,0), (0,1,0), or (0,0,1) depending on
whether B=x, y, or z, respectively, and the superscript /8
denotes the derivative of concern. Taking the I3 derivative
of Eq. (B9) and evaluating the result at k=0 yields

(B10)

vP= — kBt a,) +xP= —kPx (£ +a,) +x2. (Bll)

Substitution of this equation into the first derivative of Eq.
(B8) provides the following relation for the derivatives of
the rotational parameters at k=0:

IokB=m(a;xep), (B12)
where I, is the 3X3 inertia tensor in the center-of-mass
frame at the reference geometry, i.e.,

N
(10)1{8= z ma[ (atzz,x+ai,y"*_ai,z)(s'yﬁ—aa,yaa,c‘}] . (B13)
a

The first derivatives k’ can then be found by inversion of
I, in Eq. (B12). By comparing Egs. (B10) and (B12) with
Eq. (A3), the relationship between the tangent vector el-
ements N’}I and the derivatives B}ll is revealed, as embodied
in Eq. (A7) above. The derivative relations of Egs. (B10)
and (B12) give the same results for the B, matrix reported
by many other authors. The crux is that in this formalism
higher-order derivatives follow readily.

The second derivatives of y, with respect to Cartesian
coordinates I8 and my are obtained straightforwardly from
Eq. (B9) as

) ygi,m?’: _Klﬁ,my(tref_'_ aa) +wf,m'y
= kB (£ 4-a,) +-wm (B14)

upoﬁ evaluation at k=0, provided that

womY = _ gelPxmY _ ot (1P - KBy (- a;)
— (B — (Y x)
P T (6]

+3K™ X [KPx (1 +a,)]. (B15)

Thus, f;'om the second deriilative of Eq. (B8) it follows
that

J. Chem. Phys., Vol. 98, No. 4, 15 February 1993
Downloaded 19 May 2006 to 157.181.190.84. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



3012

N
Ik = X mo(aa X Wy ™)
a

=my[ (a; k™ )eg— (a,° eg)k™] +m,[ (a, - kP)e,

1 N
—(ane)kP]+5 2 mal(ag-kP) (a,XK™)

+ (8, k™) (2, XkP)]. (B16)
Analogously, the results for the third-derivative quantities
are

yf,my,ms —_ Klﬁ,my,nﬁ ( tref -+ aa) + w(lf,my,n&

— _kIB,mY,nSX (tref+ aa) +Wf13,m‘y,n5’ (B17)

N
Ik Bmtm— 3 m(ag X Wi ™)
a

W. Allen and A. Cséaszar: Higher-order force constants

where
wbmrns =y (18,my,n8) +v,(IB,n8,my)
+ v (my,IB,n8) +v,(nd,IB,my)
+v,(n8,my,IB) + Vo (my,nd,IB), (B18)
and
v, (IB,my,n8) =3(kP™1c" 1 ic"PscBm7y (£ 1-a,,)
L BB (el g ) L glBmrgnd
+1 wlrmrx™, (B19)

Therefore, from Eq. (B8)

1 1
= 3 |57 8 K e, (3 K™ (K- ,) (3 XKD ] 3 my (k™ K) (X )

N

1
_|_Z Zma[(aa-k’?"”") (8, XKk?) + (a, - k™) (a,Xk?") 11,
a

in which the sum on the right side is over all permutations
Z (IB,my,nd) = (pu,gv,ro). By inverting I in Egs. (B16)
and (B20), k®™ and k%" are evaluated, allowing the
Gjl i Gj1 hisie and " uaisis matrices in Egs. (A23) and

(A12) to be computed and completing the determination
of Py, and Py

3 Bty

APPENDIX C: MODIFICATION OF THE CARTESIAN
PROJECTION SCHEME FOR LINEAR MOLECULES

The partitioning of the internal and external variables
of a molecular system must be reconsidered in order to
apply the Cartesian projection scheme of Sec. III D to lin-
ear molecular reference configurations. While the potential
energy function of an N-atom molecule is fully specified by
3N —6 internal variables for all nuclear configurations,
transformations between Cartesian and internal spaces be-
come indeterminate for linear structures unless the exter-
nal space partition includes only two rotational variables.
The axis containing the nuclear centers defines the
molecule-fixed z axis at the linear reference configuration,
and the Sayvetz conditions determine the orientation of
this axis for arbitrary displacements from linearity. By set-
ting k; and all of its derivatives to zero, all formulas in
Appendix B are applicable, provided that the vanishing z
components of the inertia tensor are discarded in Egs.
(B12), (B16), and (B20), which are understood to be
2% 2 linear systems for the derivatives of k; and k, alone.
The 3N —5 dimensional “internal” space is that which re-

(B20)

mains after k; and &, and the translational variables t are
partitioned into the external space. Assuming the atoms
are indexed from 1 to N in order of increasing z, the inter-
nuclear distances 7,=|X,1—X,| for a=12,..,.N—1 suf-
fice for N—1 of the internal variables. Two linear bending
coordinates, 6> and 6, for each atom a=3,4,...,.N com-
plete the specification of the “internal” space. It is critical
to explicitly define these variables for all instantaneous lin-
ear and nonlinear configurations. Here 6 and 6, are taken
to be the x and y components of the unit vector directed
from a—1 to « in a local coordinate frame in which the
(a—2)—(a—1) bond axis defines the z direction and the
component of the space-fixed X axis orthogonal to this
bond vector is the local x direction. These linear bending
variables are invariant to molecular translations as well as
changes in the polar and azimuthal angles (14 and A5) of
the molecular system relative to the space-fixed X axis.
Accordingly, the analog of Eq. (A1) becomes'®’

Aq
ra(ﬂ‘) - ;[’2
A3
cos Ay sinAgsinAds  —sin A, cos As
+ 0 cos A5 sin As
sin 1.4 —COos 14 sin /‘{'5 cos /14 cos /15
X (x—R). (ChH)

By differentiating this parametric equation with respect to
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the A, quantities and evaluating the results at A=0, tan-
gent vector formulas identical to those of Egs. (A2)-(A6)
are recovered except that 1==6 is omitted. Hence, Egs.
(A7) and (A8) hold as before except that the N and B,
matrices are of dimensionality 53N and A is a 5X 5 ma-
trix. All subsequent formulas in Appendix A apply for
linear molecules if the =6 elements of the BZ,.ZNJH quan-

tities and the third elements of k and all of its derivatives
are formally set to zero.

APPENDIX D: INVARIANCE RELATIONS FOR
ANALYTIC DERIVATIVE EVALUATIONS

In 1984, Page, Saxe, Adams, and Lengsﬁeld76 brought
attention to a set of translational and rotational invariance
relations which can be exploited to enhance the efficiency
of analytic derivative evaluations of various orders in elec-
tronic structure calculations. Because the potential energy
of a molecular system is a function of the internal variables
alone,

3N

Z le(x)

1

N (x)=0, (D1)

by analogy with Eq. (A2). Successive differentiation of Eq.
(D1) with respect to Cartesian variables x iy and x 7y yields

the potential energy analogs of Eqs. (A4) and (A6):

z 11-12 Jl 2 Jp.lz

(D2)

and

3N 3N
% lej2j3N;zl+ % (Vfifz‘N;"pja—l— VJlls Jis Jz) =0. (D3)

These expressions are simply Egs. (8) and (12) of Page
et al.’® as written in our formalism, which facilitates ana-
Iytic manipulations of these invariance conditions via the
expressions of Appendix A. Multiplication of Eqs. (D2)
and (D3) by B;l3 and summation over the external index 7

provides the alternate forms

2 V@i = Z T i (D4)

and

z Vh!z!zQJu 2( 11!2 11!3‘ Vlllsrlllzl) (D5)

The conditions embodied in Eqgs. (65)-(67) can be
shown to arise from Eqgs. (D4) and (D5) and higher-order
analogs by a series of summations and algebraic manipu-
lations. To illustrate the procedure it is worthwhile to dem-
onstrate the equivalence of the two sides of Eq. (65). Sub-
stitution into the right side of Eq. (65) using P i from

Eq. (A20) gives

hi

hys., Vol. 98, No. 4
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3N 3N
z Jx 11 iy, ™ z le( 2 !112 Jz’ L™ z PJz’ P13’2G111213)
71 JaJ:

z 11 Jl ihy ? (D6)
by examining the form of G,; 5, in Eq. (27) and noting that
the Cartesian gradient vector h satisfies Ph=h and Qh=0

as a consequence of Eq. (D1). Subsequent utilization of
Eq. (A21) for 6, ,, followed by the implementation of Eq.

(D4) provides

2’ 11 iy ™= z 12’ QJz’z+ z 11!2Qf1i1Pf2fz ,» (D7)

the right side of which can be readily shown to equal the
left side of Eq. (65) by using Eq. (A14). Equations (65)-
(67) provide an alternate route to the determination of
complete Cartesian force fields from minimal, nonredun-
dant sets of Cartesian derivatives through the inversion of

the supermatrix L 8,181, j

by fripe Jy iY iy

- Py hP,z e P~ j within a selected set of redundant force
constants V; This approach is direct, whereas the

Jiedn
procedure of Page e al.’ is sequential for higher-order

derivatives; however, as the molecular system becomes
larger the inversion of the burgeoning supermatrix is likely
to make the direct approach computationally less efficient.
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